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ABSTRACT 


This  report  examines  certain  phases  of  the  dynamic  behavior  of  both  an  open- 
circuit  stable,  two-terminal  negative-resistance  device  with  its  specific  equivalent 
circuit,  and  a  short-circuit  stable,  two-terminal  negative-resistance  device  with  its 
specific  equivalent  circuit.  The  equivalent  circuits  for  these  two  devices  are  duals  of 
each  other.  The  static  current/voltage  characteristic  curves  for  the  two  types  of 
negative-resistance  devices  affect  their  dynamic  equivalent  circuits. 

It  is  shown  that  the  static  current/voltage  characteristic  curve  for  the  negative- 
resistance  device  has  a  limited  negative-slope  region  since  the  device  possesses  par¬ 
ticular  physical  restrictions.  The  complete  equivalent  circuit  for  the  current-controlled 
and  voltage-controlled  negative-resistance  devices  is  derived  by  recognizing  specific 
information  about  the  device.  The  basic  equivalent  circuit  for  the  negative-resistance 
device  is  obtained  by  assuming  a  cause-effect  relationship  between  the  current  and 
voltage  of  the  device  and  then  by  using  the  Taylor  Series  expansion  on  the  cause.  The 
basic  equivalent  circuit  for  the  negi  tive-resistance  device  is  related  to  the  static 
current/voltage  characteristic  curve  when  the  device  is  operated  as  a  trigger  circuit. 
Expressions  for  the  input  admittance  of  the  current-controlled  negative-resistance 
device  and  the  input  impedance  of  the  voltage-controlled  negative-resistance  device 
are  derived  from  the  equivalent  circuit  of  the  device.  The  homogeneous  linear  second- 
order  differential  equation  that  describes  the  limited  behavior  of  the  negative-resistance 
device  is  also  obtained  from  the  equivalent  circuit  of  the  device.  The  fundamental 
energy  storage  element  is  determined  for  the  basic  equivalent  circuit  to  approximate 
the  behavior  of  the  negative-resistance  device.  The  stability  regions  which  come  from 
the  h  ogeneous  linear  second-order  differential  equation  pertain  to  the  operation  of 
the  negative-resistance  device.  When  the  negative-resistance  device  is  operated  as  an 
oscillator,  the  instantaneous  operating  point  describes  a  limit  cycle  for  steady  state 
conditions.  The  theory  of  the  current-controlled  negative-resistance  device  is  explained 
using  the  glow  discharge  tube  as  an  example.  The  theory  of  the  voltage-controlled 
negative-resistance  device  is  partially  explained  and  partially  simulated  when  the  vacuum 
tube  tetrode  is  used  for  an  example. 
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SECTION  I 


INTRODUCTION 


This  report  discusses  some  aspects  of  the  dynamic  behavior  of  22  open-circuit 
stable,  two-terminal  negative-resistance  device  with  its  particular  equivalent  circuit 
as  well  as  the  dynamic  behavior  of  short-circuit  stable,  tiro-terminal  negative-resis¬ 
tance  device  with  its  particular  equivalent  circuit.  Tie  equivalent  circuits  for  these 
taro  devices  are  duals  of  each  other.  The  static  curreni/voltage  characteristic  curves 
for  the  above  negative- resistance  devices  influence  their  dynamic  equivalent  circuits. 

The  currents  and  voltages  that  describe  the  behavior  of  the  system  are  dependent, 
upon  the  values  of  the  parameters  such  as  resistance,  inductance,  and  capacitance,  as 
-.veil  as  time.  The  operation  of  the  system  is  described  mathematically  by  writing 
equations  where  the  currents  ami  voltages  appear  either  directly  or  as  derivatives  or 
integrals  with  respect  to  time.  The  constants  in  the  equations  are  determined  by  the 
parameters  of  the  system,  if  a  single  dependent  variable  is  sufficient  to  describe  the 
behavior,  only  derivatives  and  integrals  involving  this  one  quantity  appear.  It  is  often 
possible  to  eliminate  any  integrals  by  differentiation.  The  resulting  equations  having 
only  derivatives  with  respect  to  one  variable  such  as  time  are  called  ordinary-  differen¬ 
tial  equations. 


If  the  dependant  variables  such  as  current  and  voltage  or  their  derivatives  appear 
only  to  the  first  power,  the  differential  equations  are  linear.  If  powers  ether  than  the 
first  appear,  or  if  the  variables  appear  as  products  with  eee  another  or  with  their  de¬ 
rivatives,  the  differential  equations  are  nonlinear.  The  equation  describing  approxi¬ 
mately  a  circuit  with  a  current-controlled  negative-resistance  device  as  shown  in 
Figure  9-1  is  a  nonlinear  differential  equal:  tq 


where  the  voltage  across  the  terminals  of  the  device  is  equal  to  the  function  of  the  cur¬ 
rent  through  the  terminals. 


.  .3 

v  =  -a  -?■  bi 
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are  nonlinear  terms. 
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The  solution  for  a  differential  equation  s  a  direct  function  of  the  dependent  vari¬ 
able.  The  moot  common  type  of  differential  equation  where  solutions  are  easily  found 
is  a  linear  differential  equation  with  constant  coefficients. 

In  the  case  of  a  negative-resistance  device,  one  of  the  first-order  differential 
equations  is  so  complicated  that  an  exact  solution  is  not  possible.  It  was  necessary  to 
simplify  the  equation  by  the  use  of  Taylor's  Series.  Higher  than  first-order  derivatives 
were  neglected  by  assuming  that  the  variations  of  signal  arc  small.  Consequently,  the 
slope  of  current/voltage  characteristic  curve  is  assumed  to  be  approximately  a  constant. 
This  assumption  leads  to  a  simplified  equation.  While  thus  equation  did  not  describe  the 
situation  exactly,  it  described  important  features  of  the  phenomenon  of  the  device.  The 
simplified  equation  is  combined  with  a  linear  first-order  differential  equation  to  obtain 
a  second-order  homogeneous  linear  differential  equation  which  describes  the  behavior 
of  the  negative-resistance  device. 

This  report  consists  of  relating  the  dynamic  and  static  characteristics  of  some 
negative-resistance  devices  by  deriving  expressions  for  their  input  impedances  and 
admittances  as  well  as  by  deriving  the  second-order  differential  equation  based  on 
the  physical  properties  of  the  device. 

This  report  is  intended  to  ,  *ovide  the  engineer  and  scientist  with  a  better  under¬ 
standing  of  negative-resistance  devices.  The  operation  of  the  negative-resistance  de¬ 
vice  for  small  varying  signals  can  at  least  to  the  first  order  be  described  by  piecewise 
linear  differential  equations  with  constant  coefficients.  These  equations  can  be  solved 
by  applying  certain  relatively  simple  rules.  Comparatively  speaking,  this  report  is  a 
very  small  contribution  when  measured  against  the  size  of  the  field  which  it  touches. 

The  only  purpose  has  been  to  present  a  readable  and  easily  understandable  -eport  which 
relates  the  static  current/voltage  characteristic  curve  for  the  negative-resistance  device 
to  the  dynamic  equivalent  circuit  for  the  device. 

The  general  organization  of  this  report  is  along  the  following  lines:  Section  II  dis¬ 
cusses  some  of  the  differences  between  positive-resistance  devices  and  negative-resis¬ 
tance  devices.  Section  in  explains  the  physical  reasons  for  the  static  current/voltage 
characteristic  curve  of  the  negative-resistance  device  to  have  a  limited  negative-slope 
region  and  shows  the  difference  between  the  characteristic  curves  for  the  current- 
controlled  and  voltage-controlled  negative-resistance  devices .  Section  IV  derives  the 
equivalent  circuit  for  the  two  types  of  negative-resistance  devices  by  knowing  certain 
information  about  the  device.  Section  V  explains  the  principle  of  duality.  Section  VI 
derives  the  basic  equivalent  circuit  for  the  negative-resistance  device  by  assuming  a 
cause  -  effect  relationship  between  the  current  and  the  voltage  of  the  device.  Section 
VII  states  a  few  of  the  properties  for  stability  of  negative-resistance  devices.  Section 
Vin  explains  the  operation  of  a  negative-resistance  device  whidh  is  used  as  a  trigger 
circuit  and  shows  the  relationship  between  the  static  characteristic  curve  and  the  basic 
dynamic  equivalent  circuit.  Section  LX  derives  the  linear,  second  order,  differential, 
homogeneous  equation  which  describes  the  limited  behavior  of  the  negative-resistance 
device.  Section  X  examines  which  type  of  reactive  element  is  essential  in  the  basic 
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equivalent  circuit  to  approximate  the  behavior  of  the  negative-resistance  device.  Sec¬ 
tion  XI  discusses  the  different  stability  regions  for  the  operation  of  the  negative-rssis- 
tance  device.  Section  XII  explains  the  behavior  of  a  negative-resistance  device  which 
is  used  as  an  oscillator  by  showing  the  instantaneous  operating  point  describing  a  limit 
cycle  for  steady  state  conditions.  Section  Xffl  explains  the  theory  for  the  current- 
controlled  negative-resistance  device  by  using  the  glow  discharge  tube.  Section  XIV 
explains  the  theory  for  the  voltage-controlled  negative-resistance  device  by  using  the 
vacuum  tube  tetrode.  Section  XV  is  a  list  of  some  of  the  different  types  of  negative- 
resistance  devices. 
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SECTION  II 

NEGATIVE  AND  POSITIVE  RESISTANCE 

Negative  resistance  indicates  that  the  slope  of  the  current/voltage  characteristic 
curve  has  a  negative  sign,  whereas  positive  resistance  indicates  that  the  slope  of  the 
characteristic  curve  has  a  positive  sign.  The  slope  of  the  characteristic  curve  for  a 
positive-resistance  device  is  positive  for  the  entire  range  of  operation,  as  shown  in 
Figure  2-1.  Devices  which  possess  a  negative  resistance  are  limited  in  the  energy  that 
they  can  handle,  since  these  devices  exhibit  a  negative  resistance  only  over  a  re¬ 
stricted  range.  This  is  a  property  that  is  not  associated  with  positive-resistance 
devices.  Both  of  these  devices  are  dependent  on  quantities,  such  as  temperature, 
type  of  material,  etc.  The  slope  of  the  characteristic  curve  for  a  metallic  resistor 
decreases  with  an  increase  in  temperature  for  a  certain  range.  The  magnitude  of  the 
slope  in  the  negative-resistance  portion  of  the  characteristic  curve  for  a  germanium 
tunnel  diode  increases  with  an  increase  in  temperature  for  a  particular  range.  A  posi¬ 
tive  resistance  dissipates  energy;  however,  a  negative  resistance  generates  energy 
proportional  to  the  square  of  the  a.c.  current  through  or  the  a.c.  voltage  across  the 
terminals  of  the  device.  A  negative  resistance  must  have  a  source  of  energy  and  a 
means  of  controlling  it  in  order  to  generate  energy. 

A  physically  realizable  negative-resistance  device  is  not  the  reverse  of  a  positive- 
resistance  device  which  has  an  almost  linear  interdependent  current/voltage  relation¬ 
ship  as  shown  in  Figure  2-1.  A  negative-resistance  device  utilizes  an  inherent  phenom¬ 
enon  which  does  not  have  a  linear  interdependent  current/voltage  relationship.  A 
current-controlled  negative-resistance  device  operating  in  the  negative-slope  portion  of 
its  characteristic  curve  is  a  single-valued  function  of  current  and  a  triple-valued  func¬ 
tion  of  voltage.  A  voltage-controlled  negative-resistance  device  operating  in  the 
negative-slope  region  of  its  characteristic  is  a  single-valued  function  of  voltage  and  a 
triple-valued  function  of  current.  The  current/voltage  characteristic  curves  for  the 
two  types  of  devices  are  shown  in  Figure  3-1. 


A  good  explanation  on  negative  and  positive  resistance  is  given  by  Herold  (14). 
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Figure  2-1.  Linear  Current/Voltage  Characteristic  Curve  for  a 
Positive-Resistance  Device 
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SECTION  III 


CHARACTERISTIC  CURVE 


An  ideal  negative-resistance  device  is  completely  amplitude  and  frequency  in¬ 
dependent,  however  a  real  negative-resistance  device  has  a  resistive  cut-off  frequency 
above  which  it  cannot  amplify  any  longer.  A  real  device  must  have  a  current/voltage 
characteristic  curve  with  positive  slope  for  high  current  and  voltage  as  shown  in 
Figure  3-1 ,  because  it  could  not  handle  infinite  power.  The  region  of  interest  has  a 
negative  slope  which  is  equal  to  the  reciprocal  of  the  incremental  negative  resistance 
of  the  device.  The  characteristic  curve  cannot  have  a  negative  slope  at  the  origin.  If 
there  were  a  negative  slope  at  the  origin,  the  result  would  be  power  output  without  any 
power  input.  This  would  violate  the  principle  of  the  conservation  of  energy.  Con¬ 
sequently,  the  region  of  negative  slope  must  be  inserted  between  the  regions  of  positive 
slope.  The  transition  between  the  positive-slope  regions  and  the  negative-slope  region 
can  be  made  only  in  the  two  ways  shown  in  Figure  3-1.  At  a  point  P  between  regions 
of  positive  and  negative  slope,  the  characteristic  curve  for  the  current-controlled 
negative-resistance  device  has  an  infinite  slope  which  is  equal  to  zero  incremental 
resistance.  Similarly,  the  characteristic  curve  for  the  voltage-controlled  negative- 
resistance  device  has  a  zero  slope  which  is  equal  to  infinite  incremental  resistance. 

The  static  current/voltage  characteristic  curve  shows  that  the  current-controlled 
negative-resistance  device  is  uniquely  controlled  by  the  current  passing  through  the 
terminals  of  the  device,  since  its  characteristic  curve  is  a  single-valued  function  of 
current.  Analogously,  the  voltage-controlled  negative-resistance  device  is  uniquely 
controlled  by  the  voltage  across  the  terminals  of  the  device,  because  its  characteristic 
curve  is  a  single-valued  function  of  voltage.  Control  by  the  other  variable  is  impossible, 
since  the  static  current/voltage  characteristic  curve  is  triple-valued  in  the  negative- 
slope  region.  The  characteristic  curve  for  the  current-controlled  negative-resistance 
device  is  called  an  S-type  curve  and  for  the  voltage-controlled  negative-resistance 
device  is  called  an  N-type  curve. 


There  are  many  references  which  deal  with  the  static  current,  voitage  characteristic  curve  for  negative- 
resistance  devices.  Two  excellent  ones  are  Hall  (13)  and  Thompson  (31). 


Current-Controlled  Negative-Resistance 
Characteristic  Curve 
v  =  f  (i) 
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Voltage-Controlled  Negative-Resistance 
Characteristic  Curve 
i  =  f  (v) 


Figure  3-1. 


SECTION  IV 


? 


EQUIVALENT  CIRCUIT 


The  current-controlled  and  the  voltage-controlled  negative-resistance  devices  have 
dynamic  equivalent  circuits  which  correspond  to  their  frequency  dependent  properties. 
The  purpose  of  ar  equivalent  circuit  is  to  represent  the  frequency  dependence  of  a  device 
by  means  of  frequency  independent  parameters  and  related  formulas.  For  example, 
consider  a  two-terminal  device  which  can  amplify  or  oscillate,  is  open-circuit  stable, 
and  requires  d.  c.  bias  current.  Since  the  device  is  open-circuit  stable,  it  is  stable 
with  a  current  source  at  the  input  terminals.  The  amplifying  mechanism  of  the  device 
is  represented  by  a  current-controlled  negative  resistance  and  the  remaining  parameters 
by  a  four-terminal  black  box  as  shown  in  Figure  4-1.  It  is  assumed  that  the  negative 
resistance  is  frequency7  independent.  All  known  two-terminal,  negative-resistance 
devices  have  a  resistive  cut-off  frequency  above  which  they  cannot  amplify  any  longer. 

If  the  black  box  did  not  contain  any  loss  resistance,  then  a  finite  cut-off  frequency  would 
not  exist.  The  loss  resistance  cannot  appear  directly  in  series  or  parallel  with  the 
negative  resistance.  If  it  did,  the  loss  resistance  would  be  frequency  independent,  and 
the  resistive  cut-off  frequency  would  still  have  to  be  infinite  or  zero.  Consequently, 
there  would  have  to  be  a  reactance  in  the  box  adjoining  the  negative  resistance.  The 
d.  c.  bias  current  requirement  eliminates  series  capacitors  and  shunt  inductors,  there¬ 
fore  a  low  pass  structure  is  required.  The  next  element  must  be  either  a  shunt  capaci¬ 
tor  or  a  series  inductor.  If  it  were  a  shunt  capacitor,  then  at  some  adequately7  high 
frequency7  the  inpul  impedance  as  shown  in  Figure  4-2  could  be  very7  small.  Then  the 
device  would  be  unstable.  Since  it  was  assumed  to  be  open-circuit  stable,  the  shunt 
capacitor  is  excluded,  'therefore,  the  second  element  of  the  equivalent  circuit  must 
be  a  series  inductance  as  shown  i  Figure  4-3. 
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NETWORK 
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RESISTANCE 

Figure  4-1.  Representation  of  An  Open-Circuit  Stable  Two-Terminal  Device 


The  equivalent  circuit  for  the  current-controlled  and  voltage-controlled  negative-resistance  devices  is 
derived  by  recognizing  particular  information  about  the  device.  There  is  a  fine  discussion  by  Hall  (13). 


Figure  4-2.  Equivalent  Circuit  of  a  Low  Impedance  Device  at  a  High  Frequency 
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Figure  4-3.  Basic  Equivalent  Circuit  of  Open-Circuit  Stable 
Negative-Resistance  Device 

Positive  resistance  or  loss  can  now  be  introduce*  as  a  shunt  resistance  to  yield  a 
finite  resistive  cut-off  frequency.  Shunt  capacitance  can  be  inserted  in  the  equivalent 
circuit  to  produce  a  resonant  frequency  or  self-frequency  of  oscillation.  From  here 
on,  any  low-pass  structure  of  series  inductors,  shunt  capacitors,  and  shunt  resistors 
is  possible.  This  equivalent  circuit  as  shown  in  Figure  4-4  is  typical  for  current- 
controlled  negati  -resistance  devices. 

Analogous  reasoning  applies  to  a  two-terminal  device  which  can  amplify  or  oscillate, 
is  short-circuit  stable,  and  requires  d.  c.  bias  voltage.  Because  the  device  is  short- 
circuit  stable,  it  is  stable  with  a  volt.tge  generator  at  the  input  terminals.  The  ampli¬ 
fying  mechanism  of  the  device  is  represented  by  a  voltage-controlled  negative  resistance 
and  the  remaining  parameters  by  a  four-terminal  black  box  as  shown  in  Figure  4-5.  It 
is  assumed  that  the  negative  resistance  is  frequency  independent.  Shunt  inductors  and 
series  capacitors  are  eliminated  because  of  the  bias  voltage  requirement.  The  next 
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Figure  4-4.  Complete  Equivalent  Circuit  of  the  Open-Circuit  Stable, 
Two-Terminal  Negative-Resistance  Device 
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Figure  4-5.  Representation  of  a  Short-Circuit  Stable, 
Two-Terminal  Device 


element  must  be  either  a  series  inductor  or  a  shunt  capacitor.  If  it  were  a  series  in- 
du-..or,  then  at  some  sufficiently  high  frequency  the  input  impedance  as  shown  in 
r igure  4-6  could  be  very  large.  Evidently  the  device  would  be  unstable.  Because  it 
was  supposed  to  be  short-circuit  stable,  the  series  inductor  is  eliminated.  Consequent¬ 
ly,  the  second  element  of  the  equivalent  circuit  must  be  a  shunt  capacitor  as  shown  in 
Figure  4-7.  Positive  resistance  can  be  introduce  as  a  series  resistance  to  produce  a 
finite  resistive  cut-off  frequencj’.  Series  inductance  is  inserted  to  yield  a  self- 
frequency  of  oscillation.  This  equivalent  circuit  as  shown  in  Figure  4-8  is  typical  for 
voltage-controlled  negative-resistance  devices. 
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Figure  4-6.  Equivalent  Circuit  of  a  High-Impedance  Device  at  a  High  Frequencj* 
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Figure  4-7.  Basic  Equivalent  Circuit  of  Short-Circuit  Stable 
Negative-Resistance  Device 
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Figure  4-8.  Complete  Equivalent  Circuit  of  Short-Circuit  Stable, 
Two-Terminal  Neg  alive -Resistance  Device 


SECTION  V 


DUALITY 


Tive  network  elements  are  dual  if  they  play  similar  roles  5a  the  formatico  of  she 
laws  and  procedures  of  network  theory  winch  came  under  tbe  general  heading  of  loco 
analysis  and  node  analysis. 

Two  branches  are  dual  if  the  expression  for  voksge  in  terms  of  current  of  the 
first  Ir'ancfa  has  tbe  same  form  as  the  expression  for  the  current  in  terms  of  the  volt¬ 
age  of  the  second  branch.  The  dual  pairs  of  current-voltage  relationships  are  shown 
in  Table  5-1. 


TABLE  5-1.  DUAL  3 RANCHES 


There  *r*  &  jreei  Easy  fcxifcs  is  ibt  Seli  si  B*c*-ick  uaec?  *S»r£  crjum  a*  rc rarsvt  sfi 
rots  rt  Btitbtsies  *  3  •>  ts  is  Sesio  *ai  Sti 
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Two  networks,  N1  and  N2  are  dual  networks  if  the  following  conditions  are  satis¬ 
fied: 

1.  The  current  equations  of  N1  are  the  same  as  the  voltage  equations  of  N2,  pro¬ 
vided  current  is  replaced  by  voltage. 

2.  The  voltage  equations  of  N1  are  the  same  as  the  current  equations  of  N2,  pro¬ 
vided  voltage  is  replaced  by  current. 

3.  The  branches  of  N1  are  the  duals  of  the  corresponding  branches  of  N2.  A  list 
cf  some  dual  quantities  and  laws  is  given  in  Table  5-2. 

In  some  of  the  succeeding  sections,  the  concept  of  duality  is  used  to  obtain  results 
concerning  one  network  when  the  corresponding  results  for  the  dual  network  are  avail¬ 
able. 


TABLE  5-2.  DUAL  QUANTITIES  AND  LAWS 


Voltage 

Current 

Kirchhoff's  voltage  law 

Kirchhoff's  current  law 

Loop 

Node 

Number  of  loops 

Number  of  nodes 

Node  voltage 

Loop  current 

Resistance 

Conductance 

Inductance 

Capacitance 

Series 

Parallel 

Short-Circuit 

Oper.-Circuit 

Loop  equations 


Node  equations 
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SECTION  VI 


STRAY  REACTIVE  ELEMENTS  RELATED  TO  TIME  DELAYS 


This  section  explains  the  requirement  lor  energy-storage  elements  in  the  small- 
signal  dynamic  equivalent  circuits  for  negative-resistance  devices  in  terms  of  the 
time  delay  in  the  mechanism  of  behavior.  It  is  assumed  that  the  cause  leads  the  effect 
by  a  short  time  interval  since  the  behavior  of  the  device  can  be  approximated  with  an 
appropriate  inductor  or  capacitor  in  the  equivalent  circuit.  In  a  current-controlled 
negative-resistance  device  where  the  voltage  is  a  single-valued  function  of  the  current, 
it  is  assumed  that  the  cause  is  the  current  and  the  effect  is  the  voltage.  Similarly,  in 
a  voltage-controlled  negative-resistance  device  where  the  current  is  a  unique  function 
of  the  voltage,  it  is  assumed  that  the  cause  is  the  voltage  and  the  effect  is  the  current. 

If  a  negative-resistance  device  has  a  static  current/voltage  characteristic  curve 
that  is  continuous  and  possesses  a  continuous  first  derivative,  this  characteristic 
curve  can  be  approximated  by  any  small  segment  which  has  the  following  current- 
voltage  relationships 

I  =  a  +  bV  (6-1) 

or 

V  =  d  +  hi  (6-2) 

The  constants  d  and  h  can  be  expressed  in  terms  of  the  constants  a  and  b  ,  or 
vice  vers In  the  negative  slope  region  b  and  h  are  negative. 

When  the  current  and  voltage  become  functions  of  time,  equations  6-1  and  6-2  can 
be  written  as 

i(t)  =  a  +  bv(t  -  t  )  (6-3) 

or 

v(t)  =  d  +  hi(t  -  t  )  (6-4) 

depending  on  whether  the  current  or  voltage  is  the  cause  and  the  .’oltage  or  current  is 
the  effect.  Equations  6-1  and  6-2  are  sound  for  both  types  of  characteristic  curves. 

The  derivation  of  the  basic  equivalent  circuit  for  the  current-controlied  and  voltage-controlled  negative- 
resistance  devices  from  the  Taylor  Series  is  discussed  by  Card  (9). 
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but  equation  6-3  is  valid  only  for  an  N-type  characteristic  curve  in  the  region  where 
its  negative  slope  is  linear.  Analogously,  equation  6-4  ,-s  valid  only  for  an  S-type 
characteristic  curve  in  the  region  where  its  negative  slope  is  linear.  Implied  in  the 
above  statements  are  the  assumptions  that  current-controlled  and  single-valued  func¬ 
tion  of  current  are  equivalent,  as  well  as  voltage-controlled  and  single-valued  function 
of  voltage  are  equivalent.  For  example,  the  voltage  across  the  terminals  of  a  glow 
discharge  tube  in  the  negative  slope-region  at  a  time  t  should  depend  on  the  current 
through  the  terminals  of  the  tube  t0  seconds  earlier.  The  current  through  the  ter¬ 
minals  of  a  vacuum  tube  tetrode  in  the  negative-slope  region  at  a  time  t  should  depend 
on  the  voltage  across  the  terminals  of  the  tube  tQ  seconds  earlier. 


Once  it  has  been  determined  to  use  the  appropriate  one  of  the  equations  6-3  or  6-4, 
then  the  type  of  energy  storage  element  comes  from  a  straight-forward  derivation. 
Consider  the  current-controlled  negative-resistance  device  and  expand  i(t  -  t0)  in  a 
Taylor  Series  about  t: 


i(t  -  tQ)  =  i(t)  “  tQ  dt  +  2, 


d^i 

dt2 


If  the  terms  involving  higher  than  first-order  derivatives  are  neglected,  equation  6-4 
can  be  written  as 


v(t)  =  d  +  hi(t)  -  htQ 

let  d  =  VQ,  h  =  rc  ,  and  -htQ  =  Lc 

v(t)  =  V0  +  rci(t)  +  Lc  (6-5) 


The  inductor  Lt  is  positive  because  h  is  negative  in  the  negative-slope  region.  The 
basic  small-signal  dynamic-equivalent  circuit  for  the  current-controlled  negative-re¬ 
sistance  device  as  shown  in  Figure  4-3  is  implied  in  equation  6-5. 


Similarly,  consider  the  voltage-controlled  negative-resistance  device  and  expand 
v(t  -  tQ)  in  a  Taylor  Series  about  t: 


v(t  -  tQ)  =  v(t)  -  t 


dv  k*  d^v 

°dT+  2\  dt2 
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If  the  terms  involving  higher  than  first  order  derivatives  are  neglected,  equation  6-3 
can  be  written  as 


i(t)  =  a  +  bv(t)  -  btQ  — 

and  -bt0  =  Cv 

(6-6) 

The  capacitor  Cv  is  positive  because  b  is  negative  in  the  negative-slope  region.  The 
basic  small-signal  dynamic-equivalent  circuit  for  the  voltage-controlled  negative- 
resistance  device  as  shown  in  Figure  4-7  is  implied  in  equation  6-6. 

Equations  6-5  and  6-6  are  valid  only  in  the  negative-slope  region  because  it  is  pre¬ 
ferred  that  an  equivalent  circuit  has  positive  values  for  the  energy  storage  elements. 

It  i  •  emphasized  that  the  source  of  the  observed  energy  storage  elements  related 
to  the  negative-resistance  devices  must  be  partially  in  the  mechanism  of  behavior 
rather  than  exclusively  in  recognizable  geometric  properties.  Therefore,  the  observed 
inductance  of  a  glow  discharge  tube  biased  in  the  negative-slope  region  does  not  indi¬ 
cate  energy  stored  in  a  magnetic  field.  The  observed  capacitance  of  a  vacuum  tube 
tetrode  biased  in  the  negative-slope  region  does  not  imply  energy  in  an  electric  field. 


let  a  =  Iq  ,  b  = - , 

rv 

-  V*  *°*£. 
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SECTION  VII 


PROPERTIES  OF  NEGATIVE-RESISTANCE  DEVICES 


The  following  assumed  properties  are  sufficient  for  stability  of  one-port  negative- 
resistance  devices: 

(1)  The  static  current/voltage  characteristic  curve  for  the  device  exists  and  is 
continuous  at  every  point  on  its  characteristic  curve  in  the  region  of  interest. 
For  example,  if  the  function  v  =  f(i)  for  the  current-controlled  negative- 
resistance  device  has  a  finite  derivative 


.  lim  f(ii +Ai)  -  f(ix) 

f  (1i>  ’  -IT  *  Ai-o - Ti - 

at  i  =  ij  then  f(i)  is  continuous  at  i  =  i^ 


(2)  For  any  operating  point  on  the  current/voltage  characteristic  curve,  the  ratio 
of  small-signal  complex  variational  currents  and  voltages  is  a  rational  function 
of  S  with  real  coefficients.  This  impedance  or  admittance  function  is  not 
positive  real  in  the  negative-slope  region  of  the  characteristic  curve. 

The  following  conditions  are  necessary  and  sufficient  for  the  positive  realness  of 
a  rational  function  of  the  complex  variable  S  : 


(a)  The  function  is  regular  in  the  right  half  S-plane; 

(b)  Any  poles  on  the  jw-axis  are  simple  with  real  positive  residues; 

(c)  The  real  part  of  the  function  is  non-negative  on  the  jw-axis. 

The  reciprocal  of  a  positive  real  function  is  also  positive  real.  For  example,  the 
admittance  function 


YC(S) 


S(l/RcCc 


-rc/Lc)^l/LcCc(l-rc/Rc) 
s  * rc/Lc 


The  properties  for  the  stability  of  negative-resistance  devices  are  stated  by  Card  (9).  The  conditions 
f-r  positive  tealness  of  a  rational  function  are  considered  by  Balabanian  <2). 
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for  the  small-signal  equivalent  circuit  for  the  current-controlled  negative-resistance 
device  and  the  impedance  function 


ZV(S)  =  Ly 


[■ 


S2  +  S(RV/Ly  +  l/rvCv)  +  1/Ly.Cy  (1  +  Ry/rv) 
S  +  l/rvCv 


for  the  small-signal  equivalent  circuit  for  the  voltage-controlled  negative-resistance 
device  a-e  rational  functions  of  S  with  real  coefficients.  The  real  part  of  the  admit¬ 
tance  of  tl.e  current-controlled  device 


Re 


[*c<w]  = 


w 


2  +  rn2/Lr2  +  Rcrc/Lc2 


Rc(%y2  +  rc2/L  c2) 


and  the  real  part  of  the  impedance  of  the  voltage-controlled  device 
Rv  (w2  +  l/rv2  Cv2  +  l/RvrvCv2) 


Re 


H = 


w2  +  l/rv2Cv2 


may  be  negative  on  the  j\v-axis  in  the  negative-slope  region.  Therefore,  the  admittance 
function  for  the  current-controlled  device  and  the  impedance  function  for  the  voltage- 
controlled  device  are  not  positive  real  in  the  negative-slope  region  of  the  characteristic 
curve. 


(3)  At  an  adequately  high  frequency  the  real  part  of  the  impedance  or  admittance 
function  becomes  positive.  For  example,  when  the  frequency  approaches  in¬ 
finity,  the  real  part  of  the  admittance  function  for  the  current-controlled  de¬ 
vice  is  equal  to  the  reciprocal  of  the  shunt  loss  resistance 


lim  Re 
w— •* 


and  the  real  part  of  the  impedance  function  for  the  voltage-controlled  device  is  equal 
to  the  series  loss  resistance 

lim  Re  rzv(jwl1  =  Ry 
w— •  =•=  L 


(41  The  degrees  of  the  numeratoi  and  denominator  do  not  differ  by  more  than  one 
for  the  impedance  or  admittance  functions.  For  example,  the  admittance 
function  for  the  current-controlled  device  and  the  impedance  for  the  voltage- 
controlled  device  have  a  numerator  that  is  a  second-degree  polynomial  as 
well  as  a  denominator  that  is  a  first-degree  polynomial.  Consequently,  the 
degrees  of  the  numerator  and  denominator  of  these  functions  differ  by  one. 
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(5)  The  negative- resistance  device  is  stable  in  the  negative-slope  region  of  the 
characteristic  curve  with  either  a  current  source  or  a  voltage  source.  The 
one  port  network  which  has  its  admittance  connected  to  a  current  generator  is 
open-circuit  stable  if  the  admittance  function  of  the  network  does  not  possess 
any  zeros  in  the  right  half  S-plane.  Analogously,  the  one-port  network  which 
has  its  impedance  connected  to  a  voltage  generator  is  short-circuit  stable,  if 
the  impedance  function  of  the  network  does  not  possess  any  zeros  in  the  right 
half  S-plane.  For  example,  in  the  negative-slope  region,  the  admittance  of 
the  equivalent  circuit  for  the  current-controlled  negative-resistance  device 
YC(S)  is  open-circuit  stable.  Similarly,  in  the  negative-slope  region,  the 
impedance  of  the  equivalent  circuit  for  the  voltage-controlled  negative-re¬ 
sistance  device  ZV(S)  is  short-circuit  stable. 

Small-signal  stability  is  related  to  the  internal  resistance  of  the  source.  The 
operation  of  a  current-controlled  negative-resistance  device  is  stable  in  the  negative- 
slope  region  of  its  characteristic  curve,  if  this  device  is  driven  by  a  generator  with 
high  internal  resistance.  The  operation  of  a  voltage-controlled  negative-resistance 
device  is  stable  in  the  negative-slope  region  if  this  device  is  driven  by  a  source  with 
low  internal  resistance.  It  is  assumed  in  the  above  two  statements  that  other  conditions 
for  stable  operation  are  satisfied. 
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SECTION  VIII 


TRIGGER  CIRCUIT 


A  negative-resistance  device  may  be  used  for  certain  types  of  trigger  circuits 
which  are  characterized  by  having  two  stable  states  separated  by  an  unstable  state. 

The  circuit  can  be  made  to  switch  from  one  stable  state  to  the  other  by  applying  the 
suitable  trigger  pulse.  During  the  switching  process  which  has  a  definite  time  irterval, 
the  circuit  passes  through  an  unstable  condition. 

If  a  current-controlled  negative-resistance  device  is  driven  from  a  generator  that 
has  a  lowr  internal  resistance,  the  device  can  be  used  as  a  trigger  circuit.  For  a  value 
of  bias  current  I  and  a  load  resistance  Rg  ,  there  are  three  equilibrium  points  as 
shown  in  Figure  8-1.  The  two  intersections  on  the  positive-slope  portions  of  the  S- 
type  curve  are  stable  and  the  other  intersection  in  the  negative-slope  region  is  unstable. 

It  will  be  assumed  that  initially  the  current-controlled  negative-resistance  device 
is  at  a  stable  equilibrium  point  chi  the  lower  positive-slope  region  as  shown  in  Figure 
8-1.  If  the  bias  current  is  raised  momentarily  by  a  positive  trigger  pulse,  the  load 
line  is  shifted  upward  and  to  the  right  by  a  certain  amount  as  shown  in  Figure  8-2.  T.ie 
operating  point  begins  to  move  along  the  new'  load  line  toward  the  stable  equilibrium 
point  on  the  upper  positive-slope  region.  It  is  assumed  that  the  trigger  pulse  is  main¬ 
tained  long  enough  so  that  the  operating  point  current  exceeds  the  current  value  of  the 
unstable  equilibrium  point.  At  the  end  of  the  trigger  pulse,  the  bias  current  is  lowered 
to  its  original  value  w'hich  causes  the  load  line  to  shift  to  its  original  position  on  the 
current/voltage  characteristic  curve.  If  the  bias  current  is  lowered  momentarily  by  a 
negative  trigger  pulse,  the  operating  point  will  switch  back  to  the  stable  equilibrium 
point  on  the  lower  positive-slope  region. 

It  is  usually  desirable  that  the  time  required  for  the  shift  from  one  stable  state  to 
the  other  be  as  small  as  possible.  This  time  is  dependent  upon  the  magnitudes  of  the 
energy  storage  elements  that  are  associated  with  negative-resistance  devices.  If  these 
elements  are  reduced  in  size,  a  smaller  transition  time  will  result  between  stable 
states. 

When  a  current-controlled  negative-resistance  device  is  connected  to  a  source  with 
a  very  low  internal  resistance,  it  is  observed  by  measurements  and  on  the  character¬ 
istic  curve  as  shown  in  Figure  8-3  that  the  current  through  the  terminals  of  the  device 
cannot  change  instantaneously  during  the  switching  process.  Consequently,  the  basic 


A  first-class  explanation  of  the  voltage-controlled  negative-resistance  device  which  is  operated  as  a 
trigger  cirrait  is  foand  in  Cannaghas  (12)  as  well  as  San&vati.  Card.  Harboart  and  Glassford  (24V 
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Figure  8-1 .  Typical  S-Curve  for  a  Current-Controlled  Negative-Resistance 
Device  with  Three  Intersections  by  a  Load  Line 


equivalent  circuit  for  the  current-controlled  negative-resistance  device  has  an  inductor 
in  series  with  the  negative  resistance  as  shown  in  Figure  4-3.  The  d.c.  bias  current 
requirement  eliminated  shunt  inductors. 

Similarly,  when  a  voltage-controlled  negative-resistance  device  is  connected  to  a 
generator  with  a  very  high  internal  resistance,  it  is  observed  by  measurements  and  on 
the  characteristic  curve  as  shown  in  Figure  8-4  that  the  voltage  across  the  terminals 
of  the  device  cannot  change  instantaneously  during  the  switching  process.  Therefore, 
the  basic  equivalent  circuit  for  the  voltage-controlled  negative-resistance  device  has  a 
capacitor  in  parallel  with  the  negative  resistance  as  shown  in  Figure  4-7.  The  d.c. 
bias  voltage  requirement  eliminated  series  capacitors. 
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Figure  8-2.  S-Curve  with  Load  Line  Momentarily  Shifted  Upward  and  to  the  Right 


figure  S— 4.  X— Type  Curre  "aiiSi  Three  lalersecacos  br  a 
Load  Uae  of  Zero  Slope 


SECTION  IX 


OSCILLATOR  CIRCUIT 


A  simple  self-excited  oscillator  circuit  can  be  made  by  using  a  negative-resistance 
device  which  is  operated  in  the  negative-slope  region  of  its  current/voltage  charac¬ 
teristic  curve.  The  circuit  can  be  made  to  oscillate,  if  initially  the  increase  of  small- 
signal  power  due  to  the  dynamic  negative  resistance  of  the  device  is  greater  than  the 
small  signal  power  loss  due  to  damping.  Consequently,  the  initial  a.  c.  signal  will  be 
amplified  more  than  it  is  attenuated  and  will  build  up  as  an  oscillation.  Even  if  the 
oscillations  grow  initially,  there  can  not  be  any  growth  in  steady  state.  For  steady 
state  oscillations,  the  input  impedance  or  input  admittance  of  the  dynamic  equivalent 
circuits  for  the  two  types  of  negative-resistance  devices  is  equal  to  zero.  Therefore, 
the  steady  state  a.  c.  signal  is  neither  amplified  nor  attenuated.  The  equations  which 
describe  the  behavior  of  the  self-excited  oscillator  circuit  are  combined  into  a  homo¬ 
geneous  linear  second-order  differential  equation. 

If  a  current-controlled  negative-resistance  device  is  driven  from  a  source  that  has 
a  high  internal  resistance  and  the  values  of  the  energy  storage  elements  in  the  circuit 
are  suitable,  the  device  can  be  used  as  an  oscillator  circuit  as  shown  in  Figure  9-1. 

For  the  values  of  bias  current  I  and  load  resistance  Rc  ,  there  is  only  one  equili¬ 
brium  point  as  shown  in  Figure  9-3.  By  the  proper  choice  of  variables,  steady  state 
operation  of  this  oscillator  circuit  can  be  described  in  terms  of  two  simultaneous  first- 
order  differential  equations 


di  v’(t)-f(i  )  dv'  I  v'(t)  i  (t) 

_ SL  =  _ r_  _  =  _  _  c 

dt  L  dt  C  ~  R  C  ~  C 

c  c  c  c  c 


Vc  =  f(ic) 


Figure  9-1.  Equivalent  Circuit  for  a  Current-Controlled 
Negative-Resistance  Device  Used  as  an  Oscillator 


The  linear,  second  order,  homogeneous  differential  equation  that  describes  the  behavior  of  the  negative- 
resistance  device  is  derived  by  Cunningham  (12),  Minorsky  (22)  and  Sterzer  (29).  The  steady  state 
oscillation  frequency  and  the  resistive  cut  off  frequency  are  examined  by  Blaeser  (7)  and  Nanavati  (25). 
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The  operating  point  exists  where  simultaneously 


I 


I 

cs 


and  V' 
s 


V 

cs 


) 


The  second  of  these  conditions  indicates  that  at  the  operating  point  the  d.  c.  voltage 
across  the  inductor  is  zero.  Near  the  operating  point,  the  following  substitutions  can 
be  made 


i  (t)  =  I 
c  cs 


+  i(t) 


v'(t)  =  V'  +  v(t) 
s 


where  i(t)  and  v(t)  are  small  signal  variations, 
equations  can  be  written 


The  two  simultaneous  first-order 

(9-1) 

(9-2) 


In  equation  9-2 ,  f(i  )  is  expanded  in  a  Taylor  Series  about  I 


cs 


df,v  r  i  r  vy2 

f(i  )  =  f(I  )  +  i  -  I  +  --  -  ~S-  -^7^  + 

c  cs  di^  c  csj  Qi^2  |_  21  J 


d3f(I  ) 
cs 

di  3 
c 


N5! 


The  terms  involving  higher  than  first-order  derivatives  are  neglected  by  assuming  that 
the  variations  of  the  signal  are  small. 
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i 


df(I  ) 

f<V  -  f(W  +  ir2- 


> 


di 

c 


r 

c 


where  rc  is  the  incremental  resistance  of  the  device  evaluated  at  the  operating  point. 
Equation  9-2  can  be  written 


di 

dt 


v(t)  -  i(t)rc 


(9-3) 


The  following  homogeneous,  linear,  second-order  differential  equation  was  obtained 
from  equations  9-1  and  9-3. 


A 

dt2 


r  ' 

1  ,  c 

di  .  1 

^  r 

1  *ir 

R  C  L 

dt  +  1C 

Lee  c  J 

c  c 

L  c  J 

i(t)  =  0 


(9-4) 


This  is  the  linear  differential  homogeneous  equation  for  a  current-controlled  negative- 
resistance  device. 


Similarily,  if  a  voltage-controlled  negative-resistance  device  is  driven  from  a 
generator  that  has  a  low  internal  resistance,  the  device  can  be  used  as  an  oscillator 
circuit  as  shown  in  Figure  9-2.  For  the  values  of  bias  voltage  E  and  the  load  resis¬ 
tance  Rv  ,  there  is  one  equilibrium  point  on  the  N-tj^pe  curve  as  shown  in  Figure 
9-4.  By  the  principle  of  duality,  operation  of  this  oscillator  circuit  can  be  described 
in  terms  of  two  simultaneous  linear  first-order  differential  equations 


di 

dt 


(9-5) 


v(t) 


r 

v 


(9-6) 


The  following  homogeneous  linear  second-order  differential  equation  was  obtained  from 
equations  9-5  and  9-6. 


d2v 

R 

V 

1 

dv 

1 

R 

1  -  — 

dt2  + 

L 

V 

r  C 

V  V 

dt 

L  C 

v  V 

i.  - 

r 

V 

-  0 


(9-7) 


This  is  the  linear  differential  homogeneous  equation  for  a  voltage-controlled  negative- 
resistance  device. 
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TABLE  9-1.  CHARACTERISTIC  FREQUENCIES  FOR 
NEGATIVE-RESISTANCE  DEVICES 

The  steady  state  oscillation  frequency  is  the  resonant  frequency  of  the 
equivalent  circuit  for  the  negative-resistance  device  where  the  imaginary 
part  of  the  input  impedance  or  admittance  becomes  zero. 

For  the  current-controlled  negative-resistance  device 


For  the  voltage-controlled  negative-resistance  device 
Im[^Zv(jw)J  =  0 

w  =  2*-f  =  J l/L  C  -  1/r  2C  2 

xc  xc  f  v  v  v  v 

The  resistive  cut-off  frequency  is  the  frequency  which  separates  the 
active  and  passive  operation  of  the  equivalent  circuit  of  the  negative-resis¬ 
tance  device  where  the  real  part  of  the  input  impedance  or  admittance  be¬ 
comes  zero. 

For  the  current-controlled  negative-resistance  device 


For  the  voltage-controlled  negative-resistance  device 


wrv  =  2’frv  =  "K-FvVKPv  -1 
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Figure  9-4.  Regular  CurrentArc-tage  Characteristic  Curve  for  a 
Voltage-Controlled  Negative-Resistance  Device  with  One 
Intersection  by  a  Load  Line 
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SECTION  X 


f 


ESSENTIAL  ELEMENT  IN  THE  EQUIVALENT  CIRCUIT 


Only  one  of  the  energy  storage  elements  in  the  dynamic  equivalent  circuit  for  a 
negative-resist? nee  device  is  essential  to  approximate  the  behavior  of  the  device  ex¬ 
cept  when  it  operates  as  an  oscillator.  If  the  exception  is  not  considered,  the  behavior 
of  the  system  can  be  described  by  a  single  first-order  linear  differential  equation. 

If  the  equivalent  circuit  for  the  current-controlled  negative-resistance  device  did 
not  contain  anj*  shunt  capacitance,  the  equation  describing  the  behavior  of  the  device 
can  be  written  as 


di 

dt 


i(t)  =  0 


The  single  characteristic  root  for  equation  10-1  is 


s 


(10-1) 


In  the  negative  smpe  region  of  the  S-type  curve  as  shown  in  Figure  8-1,  the  load  re¬ 
sistance  is  less  than  the  magnitude  of  the  incremental  resistance  of  the  device. 


The  value  of  the  incremental  resistance  in  the  negative-slope  region  is  less  than  zero. 

r  <  0 
c 


Consequently,  the  characteristic  root  is  greater  than  zero, 
s  >  0 


The  solution  to  equation  10-1  is  subjected  to  an  exponential  growth.  Therefore,  the 
operation  of  the  system  is  unstable.  In  the  positive  slope  portions  of  the  S-t.-pe  curve 
as  shown  in  Figure  5-1,  the  value  of  the  incremental  resistance  is  greater  than  zero. 


The  essentia*  eierren:  in  lie  eocivaiem  circoi:  :c-  jeedict  lie  behavior  oj  tie  voUase-ccotroned  nesaiive- 
resistance  device  is  discasse-d  by  Cncaingbas  32'*. 


i 
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r  >  0 
c 


Therefore,  the  characteristic  root  for  equation  10-1  is  less  than  zero, 
s  <  0 

The  solution  to  the  differential  equation  10-1  undergoes  an  exponential  decay.  There¬ 
fore  the  operation  of  the  system  is  stable.  These  results  agree  theoretically  with 
those  already'  found  with  both  reactive  elements  present  in  the  equivalent  circuit  for  the 
device. 

If  the  equivalent  circuit  for  the  current-controlled  negative-resistance  device  did 
not  contain  any  series  inductance,  the  equation  describing  the  behavior  of  the  device 
can  be  written 


i(t)  =  0 


(10-2) 


The  single  characteristic  root  for  equation  10-2  is 


hi  the  negative-slope  region  of  the  S-type  cur  ve  as  shown  in  Figure  8-1 ,  the  load  re¬ 
sistance  is  less  than  the  magnitude  of  the  incremental  resistance  of  the  device.  Since 
the  value  of  the  incremental  resistance  in  the  negative-slope  region  is  less  than  zero, 
the  characteristic  root  is  less  than  zero.  The  solution  to  the  differential  equation  10-2 
is  subjected  to  an  exponential  decay.  Consequently,  the  operation  of  the  system  is 
stable,  hi  the  positive-slope  portions  of  the  S-type  curve  the  value  of  the  incremental 
resistance  is  greater  than  zero.  Therefore,  the  characteristic  root  for  equation  10-2 
is  less  than  zero.  The  solution  to  the  differential  equation  10-2  undergoes  an  exponen¬ 
tial  decay.  Consequently,  the  operation  of  the  system  is  stable.  These  results  do  not 
agree  theoretically  with  those  already  found  with  both  energy  storage  elements  present 
in  the  equivalent  circuit  for  the  device. 


From  the  conclusion  of  the  preceeding  paragraphs ,  it  appears  that  the  series  in¬ 
ductor  in  the  equivalent  circuit  for  the  current-controlled  negative-resistance  device  is 
the  essential  element  in  obtaining  the  proper  behavior  of  the  device.  Similar  reason¬ 
ing  pertains  to  the  voltage-controlled  negative-resistance  device,  where  the  shunt  ca¬ 
pacitor  in  the  equivalent  circuit  for  the  device  seems  to  be  the  essential  element  to 
obtain  the  proper  behavior. 
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SECTION  XI 


CONDITIONS  FOR  STABILITY 

An  unstable  point  of  operation  is  one  where  an  infinitesimal  fluctuation  of  current 
or  voltage  is  sufficient  to  cause  the  operating  point  to  shift  automatically  to  a  stable 
one. 


In  the  neighborhood  of  a  simple  singularity,  the  stability  behavior  of  a  non-linear 
system  is  determined  by  the  approximate  linear  differential  equation  which  describes 
the  operation  of  the  system .  The  general  solution  to  the  linear  second-order  differen¬ 
tial  equation  for  the  small  signal  equivalent  circuit  of  the  current-controlled  negative- 
resistance  device  is 


i(t)  =  Aest 

If  Aest  is  substituted  for  i(t) 
algebraic  equation  is  obtained 


in  equation  9-4,  the  following  quadratic  characteristic 


(11-1) 


The  two  roots  for  Equation  11-1  are 


Therefore,  two  independent  solutions  exist  for  equation  9-4.  A  solution  can  have  the 
form 


i(t)  =  A^l1  -  A2eS2t 


Sone  of  the  worthy  references  vhich  relate  the  different  stability  conditions  to  the 
operation  of  the  negative  resistance  device  are  Hinds  (15),  Minorsky  (22)  and 
Swaay  (30). 
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where 


where  Aj  and  A2  are  arbitrary  constants  depending  upon  the  initial  current  in  the  induc¬ 
tor  and  initial  charge  on  the  capacitor.  The  exponential  factors  Sj  and  %  which  depend 
upon  the  choice  of  circuit  parameters  may  be  real,  complex,  or  imaginary. 

The  effect  of  the  circuit  parameters  Lc,  Cc,  FU,  and  rc  cn  the  stability  of  the 
current-controlled  negative-resistance  device  is  studied  by  considering  three  two- 
dimensional  cross  sections  {rc,  Rc).  (rc.  lc)  and  (rc,  Cc).  The  parameters  Rc,  lc 
and  Cc  may  have  only  positive  values,  whereas  the  parameter  rc  may  have  positive  and 
negative  values  which  are  determined  by  the  location  of  the  operating  point  on  the  S-type 
curve. 


The  different  stability  regions  in  the  (rc,  Rp)  plane  are  shown  in  Figure  11-1. 
The  roots  of  the  characteristic  algebraic  equation  can  be  written 

1 


S  =  - 


L  -j-R  C  r 
c  c  c  c 

2R  L  C 
c  c  c 


I  2  2  2  2 

~  r-  -  w  1*  '  R  C  r  -2RLCr  -4LP.C 

2R  LC  1  c  ccc  cccc  ccc 
c  c  c 


The  quantity  under  the  square  root  has  the  form 

[  L  -R  C  r  l2  -  [ 2R  Jh  C  1  2 

L  c  cccj  l  c  *  c  c  J 

The  condition  for  complex  roots  is  that  the  quantity  under  the  square  root  Is  less  than 
zero. 

F  L  -R  C  r  2  -  [*  2R  JIT  1<  0 

[  c  cccj  [  cl  ccj 

The  following  two  equations  are  considered: 

L  -R  C  r  -  2  R  JL  C  =  0 

CCCC  C'CC 

L  -R  C  r  -  2  R  JL  C  =  0 
C  CCC  c\cc 


(11-2) 
0 1-3) 
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Figure 


Equations  11-2  and  11-3  represent  hyperbolas  in  the  (rc,  Rc)-plane  as  shown  by  curves 
I  and  II  ir  Figure  11-1.  The  rc  axis  is  an  asymptote  for  both  hyperbolas .  The  line 
rc  =  2'/Lc/Cc  is  asymptotic  to  curve  I  and  the  line  rc  =  -  2  jLc/cc  is  asymptotic 
to  curve  II.  Therefore,  the  area  between  hyperbolas  I  and  II  is  the  region  where  the 
complex  roots  of  equation  11-3  are  located.  Since  the  complex  roots  correspond  to 
focal  points,  it  is  deduced  that  the  focal  points  are  situated  in  the  portion  between  the 
two  hyperbolas.  These  focal  points  are  unstable  if 

L  +R  C  r  <  0 
c  c  r.  c 

and  stable  if 

L  +R  C  r  >0 
c  c  c  c 

The  equation 

L  +R  C  r  =0 
c  c  c  c 

/represents  a  hyperbola  with  rc  and  Rc  axes  as  asymptotes  as  shown  by  curve  III  in 
Figure  11-1.  Consequently  the  region  (B)  between  curves  I  and  II,  but  above  curve  III, 
corresponds  to  stable  focal  points  .  The  region  (a)  between  curves  II  and  ID  to  the  right 
of  their  intersection  corresponds  to  unstable  focal  points.  Hence,  there  is  a  region  a, 
where  seif -excitation  of  oscillation  is  possible  because  the  oscillations  increase  on  a 
divergent  spiral  starting  from  an  unstable  focal  point.  It  is  observed  that  in  a  region 
B,  where  rc  >  0,  self -excitation  of  oscillation  is  not  possible  since  there  are  not  any 
unstable  focal  points  in  this  region . 

It  is  seen  that  saddle  points  arise  if 

R  +r  <0 
c  c 

Therefore,  the  area  (7)  below  the  straight  line  IV 


R  +r  =  0 
c  c 

corresponds  to  the  region  of  saddle  points,  and  is  a  region  of  instability.  Physically, 
this  means  that  energy  is  supplied  to  the  system  from  an  external  generator  at  a  rate 
greater  than  its  rale  of  dissipation. 

It  is  observed  that  a  point  P  at  the  intersection  of  curves  II  and  ID  has  coordiantes 
±JLq/Cc  and  -JLc/Cc  ,  and  the  straight  line  IV  passes  through  this  point.  The  region 
of  focal  points  is  generally  separated  from  that  of  saddle  points  by  an  intermediate 
region  of  nodal  points .  It  is  inferred  that  the  region  between  curve  II  and  straight  line 
IV  is  a  zone  of  nodal  points .  The  region  ( t )  of  nodal  points  to  the  left  of  and  above  P 
corresponds  to  stable  nodal  points .  The  region  (5)  to  the  right  of  and  below  P  contains 
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the  unstable  nodal  points .  Consequently,  P  is  a  point  of  separation  for  the  various 
types  of  singularities. 

The  various  stability  portions  in  the  (rc,  Lc)  plane  are  shown  in  Figure  11-2. 

The  bounds  of  the  area  of  distribution  of  the  complex  roots  or  focal  points  is  given 


by  the  following  equation: 

L2  +  [r  C  r  l2  -  2  R  I  C  r  -  4 
c  LcccJ  c  cc 

The  succeeding  two  equations  are  studied: 


.  C  R2  =0  (11-4) 

c  c  c 

(11-5) 

(11-6) 


Equation  11-5  represents  curve  I  and  equation  11-6  represents  curve  II  in  the  (rc,  Lc)- 
plane  as  shown  in  Figure  11-2.  Equation  11-4  is  a  parabola  passing  through  (0,  0)  and 
is  represented  by  curve  I  and  curve  II.  This  parabola  has  a  vertical  tangent  at  the  origin 
and  a  horizontal  tangent  at  (-Rc,  Cc).  Therefore,  the  focal  points  are  situated  inside 
of  this  parabola.  The  stable  and  unstable  focal  points  may  be  separated  by  drawing  the 
straight  line  III 

L  +  C  R  r  =0 
c  c  c  c 

which  passes  through  the  origin  with  a  slope  of  -l/RcCc.  The  regions  (a)  and  (B)  re- 
spectively  correspond  to  the  regions  of  unstable  and  stable  focal  points.  Consequently, 
self-excited  oscillations  are  possible  only  for  negative  values  of  rc  and  for  not  too  large 
values  of  Lc.  The  zone  of  saddle  points  is  obtained  by  drawing  the  straight  line 

R  +  r  =  0 
c  c 


as  shown  by  curve  IV  m  Figure  11-2. 

The  region  (7)  below  curve  IV  is  the  zone  of  saddle  points .  Between  straight  line 
IV  and  curve  II  but  to  the  left  of  their  intersection  is  the  region  ( 6)  of  unstable  nodal 
points .  Between  straight  line  IV  and  curve  II  but  to  the  right  of  their  intersection  is 
the  zone  ( t )  of  stable  nodal  points . 
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The  region  (7)  below  curve  IV  is  the  zone  of  saddle  points.  Between  straight  line 
IV  and  curve  II  but  to  the  left  of  their  intersection  is  the  region  (6)  of  unstable  nodal 
points.  Between  straight  line  IV  and  curve  n  but  to  the  right  of  their  intersection  is 
the  zone  (< )  of  stable  nodal  points. 

The  different  stability  zones  in  the  (rc,  Cc)  plane  are  shown  in  Figure  11-3. 

The  limits  of  the  region  of  distribution  of  the  complex  roots  or  focal  points  is 
specified  by  the  succeeding  equation: 

L2  +  [RCr  l2-2RLCr  -4LCR2-0 
c  [cccj  ccce  ccc 

The  following  two  equations  are  considered: 

L  -RCr  +  2  R  Jl  C  =  0  (11-7) 

ccccclfcc 

L  -RCr  -  2  R  Jh  C  =  0  (11-8) 

c  ccc  c  *  c  c 

Equation  11-7  describes  curve  I  and  equation  11-8  describes  curve  n  in  the  (rc,  Cc) 
-plane  as  shown  in  Figure  11-3.  The  rc  and  Cc  axes  are  asymptotes  to  the  hyperbolic 
curve  I.  Curve  n  has  the  rc  axis  as  an  asymptote  and  a  horizontal  tangent  at 
(-Rc,  Lc/Rc2).  Consequently,  the  focal  points  are  located  between  curve  I  and  curve 
n.  The  stable  and  unstable  focal  points  may  be  divided  by  sketching  the  equation 

L  +C  R  r  =0 
c  ccc 

which  is  represented  by  hyperbolic  curve  HI.  The  -  rc  and  Cc  axes  are  asymptotic  to 
curve  III.  The  zones  (a)  and  (B)  respectively  match  to  the  areas  of  unstable  ana  stable 
focal  points.  Thus,  self-excited  oscillations  are  possible  for  negative  values  of  rc 
and  for  not  too  small  values  of  Lc.  The  region  of  saddle  points  is  obtained  by  drawing 
the  straight  line 

R  -f  r  =0 
c  c 

as  shown  by  curve  IV  in  Figure  11-3.  The  region  below  curve  IV  is  the  area  of  saddle 
points.  The  zone  between  curves  II  and  IV  but  to  the  right  <~f  their  intersection  cor¬ 
responds  to  unstable  nodal  points.  The  area  between  cur  ~  and  IV  but  to  the  left 
of  iheir  intersection  corresponds  to  stable  nodal  points. 

The  two-dimensional  cross  sections  (rc,  Rc),  (rc,  Lc)  ar.d  rc,  Cc)  help  establish 
general  criteria  for  the  stability  of  ODeration  for  the  current-controlled  negative- 
resistance  device.  A  load  line  which  cuts  the  S-tvpe  curve  at  thrt-e  points  as  shown 
in  Figure  S-J  is  considered.  For  the  intersections  in  the  positive  slope  regions,  the 
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incremental  resistance  is  positive.  From  the  Figures  11-1,  11-2,  and  11-3,  it  is 
seen  that  the  singularities  in  the  upper  half  plane  are  all  stable.  Therefore,  the  inter¬ 
sections  in  the  positive-slope  regions  are  stable  equilibrium  points.  For  the  inter¬ 
section  in  the  negative-slope  region,  the  magnitude  of  the  incremental  resistance  is 
greater  than  Rc.  Consequently  the  singularities  lie  below  the  curve  IV  in  the  (rc,  Rc), 
(rc,  Lc)  and  (rc,  Cc)  planes  which  is  a  region  (>)  of  saddle  points.  Thus,  the  inter¬ 
section  in  the  negative-resistance  region  is  an  unstable  equilibrium  point. 

A  load  line  which  intersects  the  current/voltage  characteristic  curve  for  the 
current-controlled  negative-resistance  device  at  one  point  ir  the  negative-slope  region 
as  shown  in  Figure  9-3  is  studied.  For  this  type  of  intersection,  Rc  is  greater  than  the 
magnitude  of  rc.  Therefore,  be  singularities  are  above  the  curve  IV  in  the  Figures 
11-1,  11-2,  and  11-3.  Consetuently,  the  singularities  cannot  be  saddle  points.  It  is 
seen  that  these  singularities  may  be  stable  or  unstable  focal  points,  or  may  be  stable 
or  unstable  nodal  points  depending  on  the  parameters  Rc,  Lc,  Cc,  and  rc.  There  is 
a  region  ($)  of  absolute  stability  (stable  focal  points)  which  implies  decaying  oscilla¬ 
tions  for  any  disturbance.  This  region  may  be  used  for  tuned  amplifier  circuits. 

There  is  a  zone  (a)  of  conditional  stability  (unstable  focal  points)  which  indicates  grow¬ 
ing  oscillations  for  some  disturbance.  This  zone  may  be  applied  to  oscillator  circuits. 
There  is  an  area  («  )  of  stable  nodal  points  which  implies  an  exponential  decay  for  any 
disturbance.  This  area  may  be  used  for  untuned  amplifier  circuits.  There  is  a  region 
(5)  of  unstable  nodal  points  which  indicates  an  exponential  growth  for  some  disturbance. 
The  previous  study  points  out  that  the  zone  of  absolute  instability  (saddle  points)  starts 
when  |  rc  |  =  Rc  and  sometimes  absolute  instability  begins  when  j  rc  |  <  Rc  in  the 
region  of  unstable  nodal  points.  It  is  evident  that  for  a  fixed  value  of  rc<  0,  the  sta¬ 
bility  condition  of  a  given  static  point  (rc,  Rg)  is  also  affected  by  the  two  other  param¬ 
eters  Lc  and  Cc.  This  investigation  has  taken  into  consideration  both  the  static  and 
dynamic  elements  of  equilibrium. 

By  the  principle  of  duality,  the  effect  of  the  circuit  parameters  Gv,  Cv,  Ly,  and 
gv  on  the  stability  of  the  voltage-controlled  negative-resistance  device  is  considered 
by  studying  three  two-dimensional  cross  sections  (gv,  Gv),  (gv,  Cv)  and  (gv,  L^-)- 

The  relations  among  the  coefficients  of  equation  11-1  for  each  type  of  singularity- 
are  shown  in  Table  11-1. 
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TABLE  11-1.  RELATIONS  AMONG  COEFFICIENTS  FOR 
EACH  TYPE  OF  SINGULARITY 


Saddle: 


L  C 
c  c 


1+if  1<0 

c 


Both  roots  are  real  and  of  opposite  sign. 


Node:  T  j=-  >  ji-  [  1  1  >  0 

c  ccj  ccl  c  _ 


Both  roots  are  real  and  of  same  sign. 


Focus: 


L  C 
c  c 


RlfriJ 


Roots  are  complex  conjugates. 


For  node  or  focus 


Stable:  [" — ■  + 

L  c  c  cj 


If  the  real  part  of  the  characteristic  root  is  negative,  the  solution  is  stable. 


«  [iT  *lTc-]>0 


Unstable 


If  the  real  part  of  the  characteristic  root  is  positive,  the  solution  is  unstable. 


Vortex: 


[r^inr]  =#*rr  [1+irl  >0 


Both  roots  are  pure  imaginary.  The  solution  has  neutral  stability. 
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SECTION  XII 


LIMIT  CYCLE 


The  mechanism  of  behavior  of  a  negative-resistance  device  produces  a  time  lag 
between  the  excitation  (cause)  and  the  responses  (effect).  This  time  lag  causes  the  in¬ 
stantaneous  operating  point  to  describe  an  ellipse  (limit  cycle)  on  the  static  current, 
voltage  characteristic  curve  as  shown  in  Figures  12-2  and  12-3.  This  limit  cycle  ap¬ 
peal  s  only  if  certain  conditions  are  satisfied. 

An  interesting  case  is  considered  when  a  current-controlled  negative-resistance 
device  is  driven  from  a  source  that  has  a  high  internal  resistance.  The  parameters 
are  chosen  to  make  j  r„  |  >  Lc  RcCc,  so  that  the  magnitude  of  the  incremental  re¬ 
sistance  in  the  negative-slope  region  is  greater  than  the  impedance  of  the  senes 
1  LcCc  circuit  at  its  resonant  frequency  as  shown  in  Figure  9-1.  Therefore,  the  two 
characteristic  roots 


are  sure  to  have  a  positive  real  p.u-t  in  the  negative-slope  region,  and  the  operation 
of  the  dc.Ice  is  unstable.  If  the  loss  resistance  is  greater  than  the  magnitude  of  the 
incremental  resistance, 

**c  >  j  rc  I 

the  singularity  cannot  be  a  saddle  point.  Consequently,  the  singularity  must  be  either 
a  nodal  point  or  a  focal  point.  If 


r. .  £ci 

ric . 

1 

LcCc 

L1  rcJ 

> 

Uc 

RcCcJ 

T>-  sfbarscr  ci  zb?  =-»£s;jTe-:»s;si£sr*-  itTzc*  stutb  is  as  ctscsiU:-’:  Sesc-b»s  a  ,;n_:  rTrlf. 

;4  .  :5  snJ  V;ri^rs  33  , 


the  singularity  is  a  focal  point  which  indicates  the  prodiction  of  oscillations.  For  the 
virtual  singularities  as  shown  in  Figure  12-1,  the  incremental  resistance  is  greater 
than  zero.  Therefore,  the  characteristic  roots  must  have  negative  real  parts  whieh 
represent  stable  operation  of  the  device.  These  singularities  are  stable  focal  points 
which  imply  the  creation  of  decaying  oscillations. 

A  probable  set  of  solution  curved  lines  is  drawn  in  Figure  12-1.  It  is  assumed 
that  an  unstable  focal  point  exists  when  the  singularity  is  u*  the  negative-slope  region 
while  a  stable  focal  point  exists  when  the  singularity  is  in  either  positive-slope  region. 
The  solution  curves  which  relate  the  instantaneous  values  of  the  current  and  voltage  at 
the  terminals  of  the  device  are  spiral  curves  diverging  from  the  singularity  in  the  nega¬ 
tive-slope  region.  When  the  solution  curves  cross  into  the  positive-slope  regions,  they 
become  spiral  curves  converging  toward  tht  virtual  singularities  as  shown  in  Figure 
12-1.  A  resultant  elliptical  curve  is  eventually  reached  wLich  is  known  as  a  limit  cycle 


Figure  12-1.  Piece  Wise  Continuous  Characteristic  Curve 
for  a  Current-Controlled  Negative-Resistance  Device 
with  One  intersection  bv  s  Load  Lise 


It  is  obvious  from  Figure  12-1  that  the  limit  cycle  consists  of  portions  of  expanding 
curves  which  are  associated  with  the  singularity  in  the  negative-slope  region  and  con¬ 
tracting  curves  winch  are  associated  with  the  virtual  singularities  in  the  positive-slope 
regions.  The  limit  cycle  represents  a  periodic  and  usually  non-sinusoidal  oscillation. 
The  amplitude  and  the  waveform  of  the  oscillation  depend  only  on  the  parameters  of  the 
system  and  do  not  depend  on  the  initial  conditions  which  start  the  oscillation. 

The  existence  of  the  limit  cycle  can  be  explained  in  the  following  way:  If  initially 
the  amplitude  is  extremely  small,  the  solution  curve  is  completely  in  the  negative-slope 
region  on  the  S-type  curve.  Therefore,  the  amplitude  must  grow .  Alternately,  if  ini¬ 
tially  the  amplitude  is  exceedingly  large,  the  solution  curve  is  mostly  in  the  positive- 
slope  regions.  Consequently,  the  amplitude  must  deca\\  There  must  be  some  inter¬ 
mediate  amplitude  that  can  neither  grow  nor  decay.  Therefore,  the  result  is  reached 
tfca,  the  operation  of  the  above  system  must  come  to  a  steady-state  oscillation  of  constant 
amplitude  and  mean  value.  This  operation  is  described  by  the  limit  cycle  as  shown  in 
Figure  12-2.  In  the  current-controlled  negative-resistance  device,  the  sense  of  the 
rotation  of  the  ellipse  is  counterclockwise. 

Similarity,  by  the  principle  of  duality,  when  a  voltage-controlled  negative-resist¬ 
ance  devier  is  driven  from  a  generator  that  has  a  low  internal  resistance  and  the  other 
conditions  are  satisfied,  a  limit  cycle  appears  on  the  X-type  characteristic  curve  as 
show-  in  Figure  12-3.  In  this  device  the  sense  of  rotation  of  the  ellipse  is  clockwise. 
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Figure  12-3.  Typical  Static  Characteristic  Curve  for  a  Yoltage-Ccatrolled 
Negative-Resistance  Device  *ito  its  Ehzaaiic  limit 
Cvcle  Cane  is  Ck<Jraise  Rsfiaijoc 
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SECTION  XIII 

THEORY  FOR  THE  CURRENT-CONTROLLED  NEGATIVE-RESISTANCE 
DEVICE  USING  THE  GLOW  DISCHARGE 
TUBE  FOR  AN  EXAMPLE 


The  glow  discharge  which  makes  use  of  the  cold  cathode  is  distinguished  by  a 
moderately  high  voltage  drop  across  the  terminals  of  the  tube  and  a  low  current  through 
the  terminals.  There  is  a  region  in  the  operating  range  of  the  glow  discharge  tube 
where  the  voltage  drop  between  the  terminals  decreases  while  the  current  through  the 
terminals  increases.  The  current/voltage  characteristic  curve  for  the  tube  as  shown 
in  Figure  13-1  shows  that  the  breakdown  voltage  i-  slightly  higher  than  the  maintaining 
voltage  for  the  discharge.  Consequently,  there  is  a  region  where  die  tube  has  a  nega¬ 
tive  resistance.  Above  the  negative-slope  region,  there  is  a  portion  of  the  character¬ 
istic  curve  which  has  a  constant  voltage  for  a  small  range  of  currents. 

The  mechanism  of  behavior  of  the  glow  discharge  tube  is  considered.  At  zero 
plate  voltage,  a  few  of  the  electrons  have  enough  energy  to  reach  the  plate.  Therefore, 
the  current  through  the  terminals  of  the  tube  should  be  small.  When  the  static  plate 
voltage  is  increased,  the  electrons  will  drift  toward  the  plate.  If  the  electric  field  is 
sufficiently  large,  the  free  electrons  may  obtain  enough  energy  to  ionize  the  gas  mole¬ 
cules  when  the  electrons  and  molecules  collide  with  each  other.  In  the  applied  electric 
field,  the  electrons  move  toward  the  plate  and  the  positive  ions  move  toward  the  cath¬ 
ode.  If  the  field  is  quite  large,  the  resulting  ionization  may  last  until  breakdown  hap¬ 
pens.  When  the  breakdown  takes  place,  the  voltage  distribution  within  the  tube  is 
noticeably  modified  and  a  self-sustaining  discharge  is  established.  Each  electron 
which  is  released  from  the  cathode  acquires  enough  energy  on  the  way  to  the  plate  to 
produce  a  large  number  of  positive  lens.  When  these  positive  lens,  on  the  average,  ar¬ 
rive  back  at  the  cathode  and  release  another  electron,  the  self-sustaining  condition  has 
been  achieved.  A  space  charge  of  positive  ions  begins  to  develop  close  to  the  cathode. 
The  region  between  the  cathode  and  the  plate  may  be  divided  into  two  major  portions 
-hich  are  the  cathode  fall  and  the  plasma.  The  cathode  fall  which  has  a  positive  ion 
density  is  a  thin  zone  near  the  cathode.  Most  of  the  voltage  drop  between  the  plate  and 
the  cathode  happens  in  this  zone.  Therefore,  the  greatest  portion  of  the  electric  field 
appears  between  the  cathode  and  the  positive  ions  in  the  cathode  fall  region.  The  freed 
electrons  are  accelerated  through  this  region.  Practically  all  of  the  ionization  of  the 
gas  molecules  occurs  in  the  cathode  fall.  The  plasma  is  a  very  wide  zone  which  has, 
at  any  instant  of  time,  the  number  of  electrons  almost  equal  to  the  number  of  positive 


The  theory  for  the  current-controlled  negative-resistance  device  (glow  discharge  tube)  is  explained  by 
Benson  (3-6),  Chirlian  and  Zemanian  (10),  Mac  Dougall  (19),  Milman  and  Seely  (21)  ,  Townstnd  and 
Depp  (32)  as  well  as  Yeh  and  Chaffee  (34).  The  impedance  locus  of  tunnel  diodes  is  investigated  by- 
Card  (8). 
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Figure  13-1.  Current/Voltage  Characteristic  Curve  for  Glow  Discharge  Tube 

ions.  The  electrons  drift  faster  toward  the  plate  than  the  heavier  positive  ions  drift 
toward  the  cathode.  Therefore  the  electron  current  is  much  larger  than  the  positive 
ion  current  in  die  plasma.  This  zone  behaves  as  an  extension  of  the  plate.  Conse¬ 
quently,  the  plasma  helps  to  reduce  the  effective  distance  between  the  cathode  and  the 
plate.  When  the  plasma  is  present,  a  smaller  voltage  drop  between  die  cathode  and 
the  plate  is  needed  to  produce  the  same  electric  field  near  the  cathode.  During  die 
formation  of  the  plasma  and  the  cathode  fall,  die  secondary  emission  of  electrons  at 
the  cathode  increases  which  is  due  to  die  positive  ion  bombardment.  Therefore,  the 
ionization  of  the  gas  atoms  is  made  easier  and  more  charged  particles  are  produced. 
This  permits  the  voltage  across  the  terminals  of  the  tube  which  is  necessary  to  main¬ 
tain  the  discharge  to  decrease,  while  the  current  through  the  terminals  increases. 
The  voltage  continues  to  decrease  until  the  formation  of  the  plasma  and  the  cathode 


54 


fall  is  completed.  At  this  point,  the  discharge  is  distinguished  by  the  fact  that  the  cur¬ 
rent  through  the  terminals  increases  while  the  voltage  remains  constant. 

When  a  small  alternating  signal  is  superimposed  on  the  static  bias  of  a  glow’  dis¬ 
charge  tube,  the  magnitude  of  the  experimental  input  impedance  is  found  to  first  in¬ 
crease,  then  to  decrease  with  increasing  frequency.  The  impedance  has  an  inductive 
reactance  at  audio  frequencies,  but  has  a  capacitive  reactance  at  frequencies  greater 
than  1  MHz  as  shown  in  Figure  13-2.  Measurements  to  determine  the  impedance/ 
frequency  characteristics  of  various  glow  discharge  tubes  which  are  biased  in  the 
negative-slope  region  showed  that  the  effective  inductance  decreased  and  the  effective 
resistance  increased  with  an  increase  in  frequency  from  300  Hz  -  30  KHz.  The  induct¬ 
ance  and  resistance  decreased  with  an  increase  in  current  through  the  terminals  of  the 
tube. 


Z  -  Plane 


Figure  13-2.  Experimental  Reactance/Resistance  Characteristic  for  the 
Input  Impedance  of  a  Glow  Discharge  Tube  Operated  in  the 
Negative-Resistance  Region 


A  theory  that  was  derived  by  Van  Geel  studied  small  alternating  signals  which  are 
superimposed  on  a  static  bias  condition.  It  is  assumed  that  the  physical  quantities  in 
the  discharge  are  functions  of  the  instantaneous  as  well  as  delayed  current  and  voltage. 
This  hypothesis  predicted  that  the  impedance  loci  should  be  semi-circles  on  the 
reactance/resistance  characteristic  curve  (neglecting  the  effective  capacitance  and 
effective  resistance)  as  shown  in  Figure  13-3.  This  theory  postulated  the  form  of  the 
impedance  locus  when  a  secondary  mechanism  having  a  delay  time  is  present  in  the 
discharge. 

The  input  impedance  locus  of  a  glow  discharge  tube  which  is  operated  in  the  nega¬ 
tive  slope  region  has  the  same  form  as  the  theory  that  was  predicted  by  Van  Geel  if  it 
is  extended  to  include  several  delayed  ef*°ct3.  There  are  secondary  processes  of 
electron  production  in  most  discharges  wh*  can  be  regarded  as  delayed  functions  of 
current  and  voltage,  because  these  processes  are  associated  with  a  delay  time.  Dif¬ 
fusion  processes  in  the  discharge  also  can  be  treated  as  delayed  effects.  Secondary 
emission  and  diffusion  will  influence  the  form  of  the  input  impedance  of  the  glow  dis¬ 
charge  tube.  Consequently,  any  process  which  influences  the  delay  of  current  and 
voltage  and  has  a  time  constant  associated  with  it  will  be  handled  as  a  delayed  effect. 

2  -  Plane 


Figure  13-3.  Theoretical  Reactance/Resistance  Characteristic  for  the  Input 
Impedance  of  a  Glow  Discharge  Tube  Operated  in  the 
Negative-Resistance  Region 
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The  theoretical  input  impedance  of  a  glow  discharge  tube  which  is  operated  in  the 
negative  slope  region  is  derived  by  considering  the  behavior  of  n-delayed  effects.  Ths 
impedance  has  the  following  form 
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(13-1) 


where  Ro,  Ri, . .  Rk  .  .  .  .  Rn  are  resistances  and  rj,  . .  rk. 

. .  rn  are  time  constants  associated  with  the  various  delay  trocesses.  The 

second  term  of  equation  13-1  involves  the  contribution  from  the  secondary  mechanisms 
in  the  discharge  process.  The  quantity  Rq  in  equation  13-1  is  given  by 


R  =  r  ^  R 
o  c  1 


R„ 


where  rc  is  the  reciprocal  of  the  slope  of  the  static  current/voltage  characteristic 
curve. 


Consequently,  the  theoretical  imput  impedance  for  n-delayed  effects  can  be 
written 
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where  L-p  L2» . ,  Lj,  are  inductances  associated  with  the  various  delay  proc¬ 

esses  and 

The  second  and  subsequent  terms  of  equation  x3-2  represent  a  parallel  combina¬ 
tion  of  an  inductor  Ljj  and  a  resistor  Rn.  The  basic  equivalent  circuit  can  be  identified 
from  the  form  of  the  theoretical  input  impedance  as  shown  in  Figure  13-4.  It  can  be 
represented  by  a  series  combination  of  the  incremental  resistance  and  a  number  of 
combinations  of  inductors  and  resistors.  The  actual  equivalent  circuit  also  includes 
the  effective  capacitance  Cc,  the  effective  resistance  R^,  and  the  lead  resistance  Rc  as 
shown  in  Figure  13-5.  Each  parallel  combination  of  Ljj  and  Rn  has  a  time  constant 
associated  with  a  particular  process  in  the  discharge  mechanism. 

Investigations  show  that  the  experimental  impedance  locus  of  the  glow  discharge 
tube  is  not  a  semi-circle,  instead,  the  actual  locus  is  a  circular  type  locus  as  shown 
in  Figure  13-3.  This  is  due  to  the  presence  of  the  effective  capacitance  and  the 
effective  resistance. 


Measurements  showed  that  the  effective  capacitance  of  all  glow  discharge  tubes 
approaches  a  limiting  value  at  frequencies  above  4  MHz.  Consequently,  it  appeared 
to  be  independent  of  the  frequency  above  4  MHz.  This  capacitance  was  found  io  be 
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Figure  13-4.  Basie  Equivalent  Circuit  for  Glow  Discharge  Tube  Operated 

in  Negative-Resistance  Region 


independent  of  the  plate  -  cathode  spacing  and  the  geometry  of  the  electrodes.  It  was 
found  to  be  proportional  to  the  current  through  the  terminals  of  the  tube.  Therefore, 
from  experimental  results,  a  large  portion  of  the  effective  capacitance  seems  to  be 
by  the  discharge  process  in  the  cathode  fall  region. 

Measurements  revealed  that  the  effective  resistance  of  the  glow  discharge  tube  is 
inversely  proportional  to  the  current  through  the  terminals  of  the  tube  at  a  constant 
pressure.  This  resistance  was  found  to  increase  with  plate  -  cathode  separation  and 
with  reduction  of  plate  size.  Consequently,  a  large  part  of  the  effective  resistance  is 
associated  with  plate  -  cathode  spacing,  plate  size,  and  the  current  through  the 
terminals. 
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Figure  13-5.  Actual  Equivalent  Circuit  for  Glow  Discharge  Tube  Operated 

in  Negative-Resistance  Region 

The  load  resistance  Rc  is  the  internal  resistance  of  the  source  and  is  usually  very 
large. 

The  incremental  resistance  rc  is  negative  since  the  glow  discharge  tube  is  biased 
in  the  negative  slope  portion  of  the  current/ voltage  characteristic  curve.  The  recip¬ 
rocal  of  the  slope  of  the  characteristic  curve  is  equal  to  the  incremental  resistance. 
From  the  equivalent  circuit  as  shown  in  Figure  13-4,  it  can  be  seen  that  when  the 
frequency  is  equal  to  zero,  the  input  impedance  is  approximately  equal  to  the  incre¬ 
mental  resistance 


Most  of  the  time  constants  are  relatively  independent  of  the  current  through  the 
terminals  of  the  tube  for  the  glow  discharge.  Tne  inductor  and  the  resistor  associated 
with  tine  respective  time  constants  are  inversely  proportional  to  the  current  through 
the  terminals.  Since  Ln/Rn=rn  and  Ln  as  well  as  Rn  are  proportional  to  l/ic,  rn  is 
equal  to  a  constant. 

There  are  five  time  constants  to  consider  in  the  glow  discharge.  The  first  and 
most  important  of  the  delayed  effects  '  i  is  associated  with  the  time  taken  for  the  posi¬ 
tive  ions  to  arrive  at  the  cathode  from  their  respective  creation  sites  in  the  cathode 
fall  region.  The  delay  is  due  to  the  small  mobility  of  die  positive  ions  before  the  de¬ 
gree  of  ionization  reaches  a  new  value-  The  ion  transit  time  is  dependent  on  the  cur¬ 
rent  through  the  terminals  of  the  tube  since  the  degree  of  ionization  in  die  cathode  fall 
changes  with  the  current  through  the  terminals.  The  inductance  Lj  which  is  associated 
with  the  impedance  of  the  positive  ions  is  related  to  the  nature  of  the  conduction  in  the 
cathode-  fall.  The  resistance  Rj  which  is  also  associated  with  the  impedance  of  the 
positive  ions  should  be  greater  than  the  resistances  associated  with  other  processes, 
since  the  ions  are  the  principal  current  carriers  in  the  cathode  fall.  The  measured 
value  of  the  ion  transit  time  7  j,  is  found  to  be  approximately  0. 025  ft  seconds. 

The  larger  time  constants  which  are  related  to  processes  in  the  discharge  are 
relatively  independent  of  the  current  through  the  terminals  of  the  tube.  The  second  of 
the  delayed  effects  r  2  is  associated  with  the  time  required  for  the  glow  to  expand  over 
the  cathode  surface.  The  value  of  time  constant  r  2  is  found  to  be  approximately  200 
M  seconds.  The  third  of  the  delayed  effects  r  3  is  related  to  the  time  for  the  anode  space 
charge  to  change.  The  value  of  the  time  delay  r  3  is  found  to  be  approximately  15  ? 
seconds.  The  fourth  of  the  delayed  effects  is  associated  with  the  time  taken  for 
metastable  atoms  to  reach  the  cathode  and  liberate  electrons.  The  value  of  the  time 
constant  *4  is  found  to  be  approximately  2  p  seconds.  The  fifth  of  the  delayed  effects 
is  related  to  the  time  taken  for  photons  to  reach  the  cathode  and  liberate  electrons. 

The  value  of  the  time  constant  r  5  is  found  to  be  approximately  0. 4  *  seconds. 

It  should  be  noticed  that  the  actual  equivalent  circuit  for  the  glow  discharge  tube 
which  is  operated  in  the  negative  resistance  region  as  shown  in  Figure  13-5  resembles 
the  complete  equivalent  circuit  of  the  current-controlled  negative-resistance  device 
as  shown  in  Figure  4-4.  These  two  equivalent  circuits  will  be  exactly  identical  if  the 
following  modifications  are  made  in  Figure  13-5. 
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TABLE  13-1.  IMPEDANCE  LOCUS  OF  PARALLEL  R’L  NETW  ORK 
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SECTION  XIV 


THEORY  FOR  THE  VOLTAGE-CONTROLLED 
NEGATIVE-RESISTANCE  DEVICE  USING  THE 
TETRODE  VACUUM  TUBE 
FOR  AN  EXAMPLE 


In  the  tetrode  as  shown  in  Figure  14-1 ,  the  main  purpose  of  the  plate  is  to  collect 
electrons  which  succeed  in  passing  through  the  screen.  The  total  space  charge  current 
i-p  is  almost  constant  with  fixed  control-grid  and  screen-grid  voltages.  Consequently, 
the  portion  of  the  space  charge  current  which  is  not  collected  by  the  plate  must  be  col¬ 
lected  by  the  screen.  It  can  be  seen  from  Figure  14-1  that  the  sum  of  the  plate  and 
screen-grid  currents  is  approximately  equal  to  the  total  space  charge  current,  when 
the  control-grid  current  is  negligible. 

ij  «  ip  +  ig 


The  theory  foi  the  voltage-controlled  negative-resistance  device  (vacuum  tube  tetrode)  is  discussed  by 
Chirlian  and  Zemanian  (10),  Milman  and  Seely  (21)  as  well  as  Yeh  and  Chaffee  (34). 
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The  static  plate  voltage  VpK  determines  the  division  of  the  space  charge  current 
between  the  plate  and  the  screen,  but  the  plate  voltage  does  not  seriously  affect  the 
total  space  charge  current.  A  negative-slope  region  occurs  in  the  static  current/voit- 
age  characteristic  curve  for  the  tetrode  at  the  lower  plate  voltages  as  shown  in  Figure 
14-2.  The  static  characteristic  curve  was  determined  at  the  plate-cathode  terminals 
for  a  constant  screen  voltage.  At  zero  plate  voltage,  a  few  of  the  electrons  have  suf¬ 
ficient  energy  to  reach  the  plate.  Therefore,  the  plav  j  current  is  very  small.  When 
the  plate  voltage  is  increased,  a  rapid  increase  in  the  plate  current  happens  with  a 
similar  decrease  in  the  screen  current.  When  the  plate  voltage  is  much  greater  than 
the  screen  voltage,  the  plate  current  will  almost  approach  the  space  charge  current. 
Consequently,  the  screen  current  will  almost  approach  zero. 

The  plate  current  enlarges  very  fast  with  increasing  the  plate  voltage,  but  this 
enlargement  is  succeeded  by  a  region  where  the  plate  current  decreases  with  increas¬ 
ing  the  plate  voltage.  The  tetrode  possesses  a  negative  plate  resistance  in  this  region. 
The  negative  slope  in  the  characteristic  curve  as  shown  in  Figure  14-2  is  caused  by 
the  liberation  of  secondary  electrons  from  the  plate  by  the  impact  of  the  primary  elec¬ 
trons  with  the  plate.  The  secondary  electrons  are  attracted  to  the  screen  because  it 


64 


is  the  electrode  with  the  highest  positive  voltage.  The  plate  current  is  decreased 
whereas  the  screen  current  is  increased  in  the  negative-slope  region.  The  number  of 
secondary  electrons  that  are  liberated  by  the  primary  electron  bombardment  depends 
upon  many  factors.  The  number  of  secondary  electrons  may  exceed  the  total  number 
of  primary  electrons  that  strike  the  plate.  If  this  occurs,  the  result  is  an  effective 
negative  plate  current. 

In  the  region  where  the  plate  voltage  is  higher  than  the  screen  voltage,  the  second¬ 
ary  electrons  which  are  released  from  the  plate  by  the  collision  of  the  primary  elec¬ 
trons  are  pulled  back  to  the  plate.  Also  the  secondary  electrons  which  are  liberated 
from  the  screen  by  the  impact  of  primary  electrons  on  it  are  drawn  to  the  plate.  Con¬ 
sequently,  the  plate  current  is  slightly  higher  than  it  would  be  in  the  lack  of  secondary 
emission  from  the  screen.  The  plate  current  persists  to  increase  with  increasing 
plate  voltages,  because  the  collection  of  the  secondary  electrons  is  more  complete. 

At  the  corresponding  time,  the  screen  current  approximately  approaches  zero. 

In  the  negative-resistance  region,  the  theoretical  input  admittance  locus  of  the 
tetrode  at  the  plate-cathode  terminals  may  have  the  same  form  as  the  input  impedance 
locus  of  the  glow  discharge  tube  when  the  principle  of  duality  is  used.  The  process  of 
secondary  emission  in  the  vacuum  tube  tetrode  in  the  negative-resistance  region  may 
be  considereo  a  delayed  function  of  current  and  voltage  because  this  process  may  be 
'.o^'xuated  with  :  delay  time.  Secondary  emission  may  influence  the  form  of  the  input 
admittance  locus  considerably.  Therefore,  any  process  which  affects  the  delay  of 
current  as  well  as  voltage  and  has  a  time  constant  associated  with  it,  may  be  treated 
as  a  delayed  effect. 


The  theoretical  input  admittance  of  the  vacuum  tube  tetrode  at  the  plate-cathode 
terminals  in  the  negative-resistance  region  may  have  the  following  form 


Y  (jw)  =  1/Rq 

k=n  1/Rk 
"  k  =  !  1  +  3WTk 

(14-1) 

where  RQ  ,  Rj  ,  . 
Tl  »  *  2  * . 

•  ♦  »  t  k  >  ••*••• 

,  ,  rn  are  time  constants  associated  with 

various  delay  processes.  The  second  term  in  equation  14-1  may  involve  the  contribu¬ 
tions  from  the  secondary  processes  of  electron  production.  The  quantity  R0  in  equa¬ 
tion  14-1  is  given  by 

i  =  i  ,  I  +  I  ,  .  .  .  ^  _1_ 

R0  rv  r  R],  r2  T  *  *  *  T  Rn 

where  l/rv  is  the  slope  of  the  static  current/voltage  characteristic  curve. 
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Therefore,  the  theoretical  input  admittance  of  the  tetrode  at  the  plate-cathode 
terminals  for  n-delayed  effects  can  be  written 


1  Jwol 

Y«w)  -  77  +  1  +  jwc1al  + 

where  ,  C2  . . CD 

ous  delay  processes  and 

\^n  =  T  n 

The  second  and  subsequent  terms  of  equation  14-2  represent  a  series  combination 
of  a  capacitor  Cn  and  a  resistor  Rq  .  The  basic  equivalent  circuit  can  be  associated 
with  the  form  of  the  theoretical  input  admittance  as  shown  in  Figure  14-3.  It  can  be 
represented  by  a  parallel  combination  of  the  incremental  resistance  and  a  number  of 
series  combinations  of  capacitors  and  resistors.  The  actual  equivalent  circuit  as 


•  + 


1  +  jwCnRn 


(14-2) 


are  capacitances  which  are  associated  with  the  vari- 


Y  (jw) 


Figure  14-3.  Basic  Equivalent  Circuit  for  Tetrode  Vacuum  Tube 
Operated  in  Negative-Resistance  Region 
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shown  in  Figure  14-4  also  contains  the  effective  inductance  Ly  ,  the  effective  re¬ 
sistance  Rs  and  the  load  resistance  Ry .  Each  series  combination  of  Cn  and  Rjj 
has  a  time  constant  which  is  associated  with  a  particular  secondary  process  of  electron 
production. 

Experiments  show  that  the  vacuum  tube  tetrode  which  is  operated  in  the  negative 
plate  resistance  region  can  be  used  as  an  oscillator.  Therefore,  an  effective  induc¬ 
tance  and  an  effective  resistance  are  involved  in  the  actual  input  admittance  of  the 
tetrode  at  the  plate-cathode  terminals.  A  large  part  of  the  effective  resistance  and  the 
effective  inductance  may  be  due  to  the  leads  and  the  vacuum  tube  housing. 

The  load  resistance  Ry  is  the  internal  resistance  of  the  source  and  is  usually 
very  small. 

The  incremental  plate  resistance  rv  is  negative  because  the  tetrode  is  biased  in 
the  negative  slope  portion  of  the  current/voltage  characteristic  curve.  The  reciprocal 
of  the  slope  of  the  characteristic  curve  is  equal  to  the  incremental  resistance.  From 


Figure  14-4.  Actual  Equivalent  Circuit  for  Tetrode  Vacuum  Tube 
Operated  in  Negative-Resistance  Region 
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the  equivalent  circuit  as  shown  in  Figure  14-4,  it  can  be  seen  that  when  the  frequency 
is  equal  to  zero,  the  input  admittance  is  approximately  equal  to  the  reciprocal  of  the 
incremental  resistance  Y(jw)  l/rv  . 

There  may  be  several  time  constants  to  consider  when  the  tetrode  it-  operating  in 
the  negative-resistance  region.  Probably  the  most  important  of  the  delayed  effects  may 
be  identified  with  the  time  taken  for  the  primary  electrons  to  reach  the  plate  and  to 
liberate  secondary  electrons  which  are  collected  at  the  screen.  The  delay  may  be  due 
to  the  mobility  of  the  electrons  before  the  degree  of  secondary  emission  reaches  a  new 
value.  The  electron  transit  time  may  be  dependent  on  the  voltage  across  the  plate- 
cathode  terminals  of  the  tube,  because  the  degree  of  secondary  emission  changes  with 
the  voltage  between  the  terminals.  The  capacitance  Cj  which  may  be  identified  with 
the  admittance  of  the  secondary  emission  mechanism  may  be  associated  with  the  be¬ 
havior  of  the  conduction  in  the  secondary  emission  process.  The  resistance  Rj  which 
is  also  identified  with  admittance  of  the  secondary  emission  mechanism  should  be  very 
small  because  it  is  assumed  that  the  electron  transit  time  is  extremely  small. 

It  should  be  observed  that  the  actual  equivalent  circuit  for  the  tetrode  vacuum  tube 
that  is  operated  in  the  negative  resistance  region  as  shown  in  Figure  14-4  is  similar 
to  the  complete  equivalent  circuit  for  the  voltage-controlled  negative-resistance  device 
as  shown  in  Figure  4-8.  These  two  equivalent  circuits  wall  be  precisely  the  same  if 
the  succeeding  changes  are  made  in  Figure  14-4. 


R 


s 


Rl,  ......  Rjj  —  0 

C1  +  c2  + . +  cn  =  cv 
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SECTION  XV 


LIST  OF  NEGATIVE-RESISTANCE  DEVICES 


Simple  negative-resistance  devices  are  those  devices  which  exhibit  the  negative 
resistance  and  the  control  of  the  phenomenon  that  causes  the  negative  resistance  at  the 
same  pair  of  terminals.  These  simple  devices  are  either  current-controlled  or  voltage- 
controlled.  A  few  of  the  simple  negative-resistance  devices  are  listed  below. 

1.  Glow  Discharge  Diode  Tube  and  Arc  Discharge  Diode  Tube,  Current  Controlled, 
Figure  15-1. 

The  operation  of  the  arc  discharge  is  extremely  analogous  to  the  glow  discharge. 

The  dissimilarity  between  the  arc  discharge  and  the  glow  discharge  is  that  the  arc  dis¬ 
charge  is  sustained  with  a  higher  current  and  a  lower  voltage.  For  a  certain  range  of 
values,  an  increasing  current  through  the  terminals  of  a  glow  or  arc  discharge  diode 
tube  causes  an  increase  in  the  ionization.  The  result  is  that  a  smaller  voltage  through 
the  terminals  is  needed  to  maintain  the  discharge.  The  slow  positive  ion  mobility 
creates  a  time  lag  between  the  current  and  the  voltage  when  the  positive  ions  pass 
through  the  cathode  fall  region. 


2.  Tetrode  Vacuum  Tube  and  Dynatron  Vacuum  Tube,  Voltage  Controlled,  Figure 
15-2. 


The  behavior  of  the  dynatron  is  very  similar  to  the  tetrode.  The  difference  be¬ 
tween  them  is  that  the  dynatron  does  not  have  a  control  grid.  Over  a  particular  range 
of  values  an  increasing  plate  voltage  for  a  constant  screen  voltage  brings  about  an  in¬ 
crease  in  the  secondary  emission  of  electrons  from  the  plate.  When  the  number  of 
secondary  electrons  which  are  collected  by  the  screen  exceed  the  number  of  primary 
electrons  that  strike  the  plate,  the  plate  current  decreases.  The  electron  mobility  may 
produce  a  time  delay  between  the  voltage  and  the  current  when  the  secondary  electrons 
travel  irom  the  plate  to  the  screen. 


A  great  many  books  and  papers  exist  which  explain  the  operation  of  various  kinds  of  negative-resistance 
devices.  Some  of  these  are  Culwell.  Devletoglou.  and  Niemann  (lit.  Hull  t!6).  Lesk  and  Mathis  (17), 
Lynn.  Pepper  and  Pederson  t  IS).  Misawa  (23).  Nanavati  i25),  Rindner  and  Schmid  (261.  Shtager  and 
Stafeyev  i28).  Vickers  (33)  as  well  as  the  references  used  in  Sections  12  and  13. 
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Glow  Discharge  Diode  Tube 


Figure  15-1 


70 


3.  Tunnel  Diode,  Voltage  Controlled.  Figure  15-3. 


For  a  specific  range  of  values  an  increasing  voltage  between  the  terminals  of  the 
tunnel  diode  creates  an  increase  in  the  tunneling  current  which  opposes  the  normal  dif¬ 
fusion  current.  The  effect  is  that  the  total  current  through  the  terminals  decreases. 
The  electron  and  bole  mobilities  may  cause  a  time  lag  between  the  voltage  and  fee  cur¬ 
rent  when  the  electrons  and  holes  go  through  the  depletion  region  which  is  a  voltage 
barrier. 

4.  Bonded  Negative-Resistance  Diode  and  PNPN  Diode,  Current  Controlled,  Figure 


The  operation  of  fee  BNR  diode  is  anagolous  to  fee  PNPN  diode.  The  difference 
between  fee  BNR  diode  and  the  PNPN  diode  is  feat  fee  BNR  diode  has  two  layers 
whereas  the  PNPN  diode  has  four  layers.  Over  a  given  range  of  values  an  increasing 
current  through  the  terminals  of  a  BNR  diode  or  a  PNPN  diode  brings  about  a  phenom¬ 
enon  called  avalanche  breakdown  that  produces  a  smaller  bulk  resistance-  The  result 
is  that  a  smaller  voltage  across  the  terminals  is  required  to  maintain  a  particular  cur¬ 
rent.  The  electron  and  hole  mobilities  may  cause  a  time  delay  between  the  current 
and  the  voltage  when  the  electrons  and  hole'  move  through  fee  depletion  region. 


Figure  15-3.  Tunnel  Diode 


5.  Unijunction  Transistor  (Double-'Base  Diode),  Current  Controlled,  Figure  15-5. 

For  a  certain  range  of  values  an  increasing  current  through  the  emitter  -  base  1 
terminals  at  a  constant  base  2  -  base  1  voltage  of  the  unijunction  transistor  causes  the 
bulk  resistivity  near  base  1  to  decrease.  The  effect  is  that  a  smaller  voltage  across 
the  emitter  -  base  1  terminals  is  required  to  maintain  the  specified  current.  The 
electron  and  hole  mobilities  may  produce  a  time  lag  between  the  current  and  the  volt¬ 
age  when  the  electrons  and  holes  transport  through  the  depletion  region. 


Figure  15-j.  Unijunction  Transistor 
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6.  Double-Base  Diode,  Voltage  Controlled,  Figure  15-5. 


Over  a  particular  range  of  values  an  increasing  voltage  across  the  base  2  -  base 
1  terminals  at  a  constant  emitter  -  base  1  voltage  produces  an  increase  in  the  bulk 
conductivity  of  the  base  region.  The  result  is  that  a  smaller  current  flows  through  the 
base  2  -  base  1  terminals.  The  electron  and  hole  mobilities  may  bring  about  a  time 
delay  between  the  voltage  and  the  current  when  electrons  and  holes  cross  through  the 
depletion  region. 

T.iis  section  has  shown  with  some  examples  that  the  mechanism  which  creates  the 
negative  resistance  is  unique  for  each  type  of  negative  resistance  device  (vacuum  tube, 
gas  tube,  semi-conductor)  selected  for  illustration. 
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APPENDIX  TO  SECTION  XII 
LIMIT  CYCLE 


The  polynomial  approximation  is  used  for  the  non-linear  characteristic  curve 
instead  of  the  piece-wise  linear  approximation.  The  following  equations  were  derived 
from  Figure  9-1. 


-  '»<=>]  <9-2> 


A  third  order  polynomial  approximation  is  used  for  the  r.un-linear  current/voltage 
characteristic  curve  for  the  current -controlled  negative-resistance  device 

f(i  )  =  v's  -  ai  +  bi3 
o 

Equation  9-2  can  be  written 


The  following  non-linear,  second-order,  first-degree  differential  equation  is  obtained 
from  equations  9-1  and  12-1. 


d*i 

dt^ 


1 

a  3bi3 

5>L  + 

bi3  a 

_  +  I 

i(t) 

RcCc 

Lc  L 

c 

dt 

Rc  Rc 

LcCc 

(12-2) 


It  is  assumed  that 


«1 


A  reasonable  derivation  of  the  van  der  Pol  equation  using  the  third  order  approximation  for  the  non-linear 
current  voltage  characteristic  curve  is  explained  by  Me  Lachlan  (20).  Tne  isocline  method  of  solving  the 
van  der  Pol  equation  is  discussed  by  Cunningham  (12). 
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so  that  equation  12-2  can  be  written 


dt2 
Let  B 


1  +  I"  1  a  +  3bi21di  +  i(t) 

2  [BgCe  Lc  LcJdt  LcC< 

[j^c  RcCc] 


=  0 


3b 

L„ 


LcCc 


Equation  12-3  can  be  written 


d2< 
dt2 


k  +  [-B  +  ci2]|-+ai(t)  = 


r  B  Z 

Let  i(t)  =  —  x(t) 


Equation  12-4  has  the  form 


*2 

dt2 


-  S[l-x2]|  = 


Let  t  =  «  2  r 

1_ 

<  =a  2  B 


(12-3) 


(12-4) 


(12-5) 


The  following  non  linear  van  der  Pol  equation  is  obtained. 


d2x 

dr2 


+  x(r) 


0 


(12-6) 


This  is  the  equation  for  an  oscillatory  system  which  has  variable  damping.  If  the 
displacement  x  is  small,  the  damping  is  negative;  however,  if  the  displacement  x 
is  large,  the  damping  is  positive.  Equation  12-6  describes  the  behavior  of  negative 
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resistance  devices  which  are  used  as  oscillators.  The  nature  cf  the  solution  of  equa¬ 
tion  12-6  depends  on  the  value  of  the  parameter  <  .  If  t  <  1  ,  one  type  of  solution 
results  and  if  «  >  1,  another  type  of  solution  results. 

us  isocline  method  is  used  to  find  the  phase  plane  solution  for  the  van  der  Pol 
equation. 


Equation  12-6  can  be  written 


dy  _  <[l  -  x2]y  -  x 
dx  y 

The  algebraic  equation  for  an  isocline  curve  is 


(12-7) 


y 


X 

<[l-X2]-m 


(12-8) 


where  m  is  a  specified  value  of  the  slope  dy/dx  of  the  solution  curv<~ .  Isocline 
curves  from  equation  12-8  with  certain  values  of  m  are  plotted  in  Figure  12-4  for  a 
specified  value  of  e  . 


The  steady  state  solution  curve  for  the  van  der  Pol  equation  is  closed  for  any  type 
of  initial  conditions.  This  closed  curve  represents  a  steady  -  state  periodic  oscilla¬ 
tion  which  is  determined  by  the  properties  of  van  der  Pol  equation  and  not  determined 
by  the  method  that  starts  the  oscillation.  If  the  initial  point  is  inside  the  limit  cycle, 
the  transient  solution  curve  spirals  outward  toward  the  limit  cycle.  Similarly  if  the 
initial  point  is  outside  the  limit  cycle,  the  transient  solution  curve  spirals  inward 
toward  the  limit  cycle. 


A  similar  derivation  of  the  van  der  Pol  equation  can  be  done  by  considering  the 
following  equations  w'hich  were  derived  from  Figure  9-2. 


di 

dt 

-At* 

-  i(t)Rv] 

(9-5) 

dv 

dt 

At"1 

-  f(Vv)] 

(12-9) 

A  third  order  polynomial  approximation  is  used  for  the  non-linear  current/vohage 
characteristic  curve  for  the  voltage-controlled  negative-resistance  device 

f(vv)  =  l’s  -  av  +  bv3 
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Figure  12-4.  Phase-Plane  Diagram  for  Van  Der  Pol 
Equation  with  Isocline  Construction  Curves 


The  following  non-linear  differential  equation  is  obtained  from  equations  9-5  and  12-9. 


(12-10) 


and  making  several  substitutions,  equation  12-10  will  have  the  form  of  the  van  der  Pol 
equation. 
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